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ABSTRACT
Measurements o f  the absorption spectrum o f  atomic H in strong magnetic fields have been analyzed. 
The measurements, performed by the Bielefeld, Germany experimental group, investigated the photo­
absorption to levels near the ionization threshold in magnetic fields ranging from 2.7 to 6 Tesla. Taking 
advantage o f  a classical scaling law, the photon energy and the magnetic field strength were varied 
simultaneously in the experiment and the absorption rate vs. B'1/3 at fixed scaled-energy, e=E/(B/B0)2/3 was 
measured. The absorption rate was observed to exhibit sinusoidal fluctuations which w e correlate with 
closed classical orbits o f the electron. A  Fourier transformation o f  this signal yields peaks which we 
interpret as "recurrence strengths" which depend upon the classical action o f  the closed orbit. Closed-orbit 
theory gives formulas for these recurrence strengths. A s the scaled energy is increased, observed 
recurrences proliferate, consistent with the change from orderly to chaotic motion o f  the electron. 
Bifurcation theory provides organizing principles for understanding this proliferation and for interpreting 
the data. N ew  "exotic" orbits suddenly appear "out o f  nowhere" through saddle-node bifurcations. The 
"main sequence" o f  orbits is produced from an orbit parallel to B through a sequence o f  pitchfork and 
period-doubling bifurcations. Other recurrences are created by period-tripling and higher-order bifurcations 
o f existing orbits. These bifurcations can have generic structure, or som etim es the structures are modified 
by symmetries o f the system. Focusing effects associated with these bifurcations cause som e recurrences 
to be particularly strong.
x i i i
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It is nice to know that the computer understands 
the problem, but I would like to understand it too.
(Attributed to E. P. Wigner)
I. INTRODUCTION AND OVERVIEW
1.1 BACKGROUND
Large-scale structures in absorption spectra — stuctures that involve the collective 
effect of many individual absorption lines — contain significant physical information about 
the system. Interestingly, these structures can now be calculated and described, without 
first calculating the positions and oscillator strengths of all the individual lines.
For example, when a valence electron of an atom is excited into an orbit with 
sufficiently high principal quantum number n and is therefore far from the ionic core, the 
properties of the atom appear hydrogenic. The energies, E„, of these highly excited levels 
are given by the Rydberg formula En= -Ry/n2, and these highly excited states are referred 
Rydberg states. The energy changes between the highly excited states are small 
(proportional to n'3) compared to the large energy changes between the lower levels. 
Since smooth changes are characteristic of classical systems (where the changes are
1
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2continuous), Rydberg atoms can be expected to show classical properties. In particular, 
according to the Bohr correspondence principle, the frequency of electromagnetic 
radiation emitted for transitions between neighboring states approaches the frequency at 
which the electron circulates around the ionic core. This suggests that many properties 
of these atoms can be understood in simple classical terms. Since the binding energy of 
the outer electron in a Rydberg atom is very small, external electric and magnetic fields 
show a large influence on these energy levels even at small field strengths. The Garton- 
Tomkins oscillations are a large-scale structure found in the absorption spectra of atoms 
in magnetic fields18.
Garton and Tomkins studied the effect of strong magnetic fields on highly-excited 
states of the barium atom, making measurements of the absorption spectrum from far 
below to far above the ionization threshold in a constant uniform magnetic field which 
was stepped from 0 to 4.7 Tesla, figure 1.1. In the magnetic field, far below the 
ionization threshold individual diamagnetic angular momentum manifolds can be 
distinguished, as the energy increases these manifolds merge forming a complicated 
pattern of peaks, then near the ionization threshold and above the ionization threshold a 
relatively simple sinusoidal oscillation is observed with frequency near 3/2coc where o)c 
= eB/me is the cyclotron frequency. Edmondslb was the first to correlate this oscillatory 
structure with a periodic orbit of the valence electron in the z=0 plane, perpendicular to 
the applied magnetic field. The valence electron goes into a near ionization threshold 
Rydberg state and moves under the combined Coulomb and Lorentz forces. This "quasi-
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
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Fig. 1.1) Absorption spectrum of the barium atom close to the ionization threshold (Ref. 
1). The photon energy increases from right to left. Above and in the vicinity of the 
ionization threshold "quasi-Landau" oscillations are visible.
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
4Landau" structure (so called in analogy to the Landau energy spacings of a free electron 
in a magnetic field, hcDj was later seen in hydrogen2. These improved measurements 
showed that this structure also contains multiple oscillations corresponding to other 
periodic orbits which were not confined to the z=0 plane, and this observation stimulated 
the development of the theoretical interpretation. A "Closed-Orbit-Theory" was created 
to calculate the absorption spectrum3, and the earlier "Periodic-Orbit-Theory" was used 
to calculate the oscillatory part of the density-of-states4.
Soon afterwards5'8, large-scale structures were identified in absorption spectra of 0 3, 
H3+, C2Hz, and C2H. In every case the structure is correlated with a recurrence in the 
system — a classical orbit (or a quantum wave packet) that propagates away from and 
then returns to some initial location. The oscillations in ozone superimposed on the peak 
of the Hartley absorption band for example are related to the motion of the nuclei on the 
upper electronic surface5. After photon absorption the nuclei are no longer at the 
equilibrium position on the new potential surface. Accurate numerical models of the 
energy surface allow the forces on the nuclei and thus the trajectories to be calculated. 
Each period of oscillation of classical orbits which return the nuclei to the Franck-Condon 
region gives a recurrent feature in the absorption spectrum. Thus, as in the Rydberg atom 
in an external magnetic field, the spectral features can be identified with periodic orbits 
of the classical dynamics.
In general, each recurrence produces a sinusoidal oscillation A sin( TE/h + 6) in the
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
photoabsorption rate and the density-of-states, where T is the recurrence time (or return- 
time of the orbit). Short orbits produce large-scale structures (long wavelengths on the 
energy axis) and sucessively longer orbits produce finer structures. Hypothetically, if all 
recurrences up to infinite time could be calculated, and if the sum over all these 
recurrence were to converge, then the full set of periodic orbits could be used to calculate 
the the full energy spectrum to any level of resolution. Whether or not this proves to be 
practical, we know that at least the large-scale structures can be calculated from the short- 
time recurrences.
Quantum mechanics usually is not formulated in terms of recurrences or periodic 
orbits. Nevertheless, periodic orbits play an important role in the classical limit of 
quantum mechanics. The "Old Quantum Theory" was based on the Bohr-Sommerfeld 
quantization condition and provided a means of quantizing the action variables associated 
with invariant tori. The periodic orbits of a system lie on invariant tori if classical system 
is regular. If the system is chaotic however, the periodic orbits may be embedded in a 
chaotic phase space where all the invariant tori are destroyed and the Bohr-Sommerfeld 
quantization condition can not be used. The tori can be thought of as tubular surfaces 
surrounding the periodic orbit densely covered by quasi-periodic orbits. The Bohr- 
Sommerfeld quantization then, strictly speaking, does not apply to isolated periodic orbits, 
but only to quasi-periodic families of orbits3. It is not intuitively obvious what role 
periodic orbits themselves play in quantum mechanics, and recurrences are correlated with 
periodic orbits.
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
A formalism was developed by Gutzwiller and others in a long series of papers4b 
showing that a semiclassical approximation to the Feynmann path integral linked the 
orbits of a classical sytem to the spectrum of the corresponding quantum system. In this 
method, we first obtain the propagator K+(q,t;q\t0) which describes the dynamical 
evolution of the quantum system from the point q’ at t=t0, to the point q at time t. In the 
path integral formulation of this quantity, we must integrate over all intermediate paths 
whether they are physical or not. The semiclassical expression for K+(q,t;q’t0) is then 
obtained by performing a stationary phase approximation. In this approximation, the main 
contribution to the propagator comes from the infinitesimal regions about the classical 
paths that connect q and q \  If we are looking at recurrences, then q=q’ when t-t0=T and 
the classical orbits "close" at time T. Since all recurrences are necessarily contained in 
the time-propagator K+(q,T;q,0), it follows that the associated sinusoidal oscillations are 
contained in the constant energy Green-function G+(q,q;E), the Laplace-transform in time 
of the time-propagator. The relevant semiclassical Green function is then a sum over the 
closed classical trajectories with appropriate amplitudes and phases.
Although the path integral provides the necessary link between the orbits and the 
quantum spectrum, the semiclassical approximation to the Green function is most easily 
calculated from the multidimensional WKB approximation for wavefunctions. The theory 
of WKB approximations was greatly advanced by Maslov; more complete discussion may 
be found in Maslov and Fedoriuk14b, Delos14b, or Littlejohn14b.
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
7Du and Delos give a physical picture of the quasi-Landau oscillations in hydrogen2 
in a magnetic field using closed-orbit theory3. Incident electromagnetic radiation excites 
the electron in an initial stationary quantum state into an outgoing Coulomb wave in the 
potential of the hydrogen nucleus. The diamagnetic interaction may be neglected in the 
vicinity of the core. At large distances (-20-100 Bohr radii in practice), this wave is 
assumed to propagate semiclassically. The wavefronts then follow classical trajectories 
under the influence of the combined Coulomb and Lorentz forces. Those trajectories that 
are returned to the vicinity of the nucleus by the magnetic field are approximated by 
incoming Coulomb waves. These interfere with the outgoing waves giving oscillations 
in the absorption spectrum. In the limit that the trajectories return exactly to the nucleus, 
these trajectories correspond to closed orbits with period T. Due to the symmetry of the 
Coulomb potential, these closed orbits scatter back onto themselves and are periodic with 
period 2T. These processes are sketched in figure 1.2. These results can be generalized 
to other hydrogenic atoms in external magnetic fields by including quantum defects due 
to the non-Coulombic core12.
The development of the scaled variables technique9 for measuring the absorption 
spectrum of an atom in a magnetic field (varying the photon energy and the magnetic 
field simultaneously to keep the scaled energy fixed) permits us to observe the structures 
associated with recurrences with unprecedented precision and detail. For the first time,
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
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Fig. 1.2) The Du and Delos theory in brief. (1) A laser excites an electron into a near- 
zero-energy outgoing Coulomb wave. (2) For large r the electron wavefronts can be 
approximated semiclassically and they follow the classical trajectories. (3) Orbits 
returning to the nucleus have their associated wavefronts which then interfere with the 
outgoing waves producing the observed oscillations.
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observations made at closely spaced steps in the scaled energy showed how the spectra 
evolved as the scaled energy was changed. These observations stimulated theoretical 
work leading to a new level of interpretation — classical bifurcation theory was used to 
interpret the multiplication and proliferation of periodic orbits and their associated 
recurrences10.
In this dissertation we present the first full report of these measurements at various 
scaled energies, and we show how bifurcation theory combined with closed-orbit-theory 
provides organizing principles for interpreting the observations, as well as quantitative 
methods for computing the effects of recurrences. The purpose of this thesis is to 
interpret the experimental results.
1.2 EXPERIMENTAL METHOD
In the Bielefeld experiment, hydrogen atoms are excited at the center of the magnetic 
field in a crossed atom/laser-beam arrangement. The experimental setup is shown in 
figure 1.3. The excitation is performed in two steps by tunable pulsed radiation (pulse 
length ~16 ns) linearly polarized parallel to the field axis. With the first step at the 
Lyman-a wavelength around 1216 A (vuv-laser beam) the |ls,m8=0> ground state is 
excited to the |2p,m‘=0> intermediate state. At the magnetic field strengths employed (2T 
£ B £ 6T) this transition is fully governed by the Paschen-Back effect. From the 
intermediate state, Balmer spectra with even parity and magnetic quantum number mf =
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
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Fig. 1.3) The experimental setup. Grids 1 and 2 shield the interaction region from stray electric 
fields. Grid 3 is maintained at high voltage.
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11
0 are excited with pulsed laser radiation in the ultraviolet (uv-laser beam). The beam 
intersection point is located between two flat, parallel, fine-mesh grid electrodes (8 mm 
apart) with their surfaces perpendicular to the magnetic field axis. These electrodes shield 
electric fields from the excitation region. A third electrode located 30 mm behind the 
second grid is kept at a high voltage (+25 kV). Highly excited Rydberg atoms are 
ionized by the electric field between the second and third electrode. The accelerated 
electrons are monitored by a detector system composed of a scintillator, plastic fiber, and 
photo-multiplier.
On the basis of the scaling property of the Hamiltonian derived in the following 
section, the Bielefeld group developed and applied the technique of scaled-variable- 
spectroscopy. According to the relations e = E/(B/B0)2/3 and w = 2n (B0/B)w, spectra are 
taken in the (E,B)-plane on lines of s = const. The magnetic field is varied in fixed steps 
of w, adjusting simultaneously E (via the uv laser wavelength) such that the scaled energy 
e was kept at a given value e,. This procedure is repeated successively at other scaled 
energies s2, e3 and so on in steps Ae = 0.05 or even As = 0.01. The range from s = -0.5 
to e = +0.02 was thus covered, which includes the transition regime from regular to 
chaotic classical motion through the ionization limit (s = 0) into the continuum (e>0).
The quality of the experimental scaled-variable-spectra is determined by the 
bandwidth of the uv-laser (Sv « 1 Ghz) and the absolute accuracy of the varied energy 
(6E « 1 cm 1) and the magnetic field strength (6B » 0.01 T). From these errors the
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
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absolute accuracy of the scaled variables are estimated to be 6w «  0.25 and 6e <=> 0.005.
1.3 OVERVIEW
The dissertation is organized into two main chapters after the first and a short 
concluding chapter.
Chapter 2 discusses the theory, paying particular attention to the effect of the scaling 
transformations on the observables. The Du and Delos closed-orbit-theory is briefly 
sketched. The scaling transformation reduces the (E,B) dependence to one only on s. A 
"reduced" absorption rate is defined to remove the magnetic field strength dependence and 
initial energy state dependence from the semiclassical amplitudes of the closed orbits. 
This simplifies the comparision of data from different experiments. Semi-parabolic 
coordinates are introduced which regularize the Coulomb singularity at the origin. The 
effect of this transformation is two-fold; it improves the calculation’s accuracy in the 
vicinity of the origin, and it also allows us to define a surface of section at the origin. 
The amplitude and phase behavior of the closed orbits may be expressed in terms of an 
iterated mapping on this surface of section10,13. Hamiltonian bifurcation theory for two- 
dimensional area preserving maps can then be applied.
Chapter 3 introduces the experimental evidence for the effects of the closed classical 
orbits. Three major sequences of orbits with short actions are seen as the scaled energy
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
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approaches the ionization threshold. Three main types of orbits are distinguished: two 
types bifurcate from the orbits perpendicular and parallel to the external field, one other 
type is bom "ex-nihilo" in stable-unstable pairs. The "exotic" orbit are created "out-of- 
nothing" via saddle-node bifurcations and can appear suddenly in the spectra. The 
perpendicular orbit, the one responsible for the original Garton-Tomkins resonance, has 
a particularly "simple" bifurcation behavior. The orbits that are bifurcated from it 
however are not directly visible in the Bielefeld experiments. An experiment done at the 
Vrije Universiteit Amsterdam does show these orbits in the photoabsorption spectrum of 
helium. The parallel orbit bifurcates in a unique way and the orbits born from this orbit 
form the dominant sequences that are prominent in the experiment. The parallel orbit 
itself however is rarely visible except in combination with other orbits. The sequences 
in general are made up of many overlapping orbits. "Balloon" orbits and "Snake" orbits 
that bifurcate from the parallel orbit also bifurcate. The bifurcations of these two distinct 
types of orbits show different symmetry behaviors. Particular exotic bifurcations seem 
to be correlated to particular bifurcations of the parallel orbit.
The concluding chapter briefly summarizes our results and suggests improvements to 
the simple form of closed-orbit theory that may be useful for future work. A better 
approximation to the wavefunction is needed where stationary phase points coelesce, i.e. 
at the bifurcations.
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CHAPTER 2: THE THEORETICAL PRELUDE
2.1 OSCILLATOR STRENGTH DENSITY AND ABSORPTION RATE
We need to look at the relationship between the oscillator-strength-density and the 
total photoabsorption rate into final states near E=0. This is basically a review of 
fundamental formulae and definitions which will be needed later in the paper when the 
Hamiltonian is reparameterized in terms of scaled variables.
If we have a well defined final state for a collection of Nf one electron oscillators, 
then
The matrix element is between initial and final quantum states connected by the dipole 
coordinate operator defined as
(1)
where the induced absorption coefficient is
(2)
14
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with the vector potential of the laser given by
2(7,0 =7Te (4)
If we define the oscillator-strength for a discrete transition in terms of the induced 
absorption coefficient
mc(Er E) (s)
f‘ 2 tfe 2 f‘
then we can rewrite the equation for the absorption rate as
W M )  (6)
dNf ^ 2Ji2e2 
dt mc(Ef-E ,)
and, since we are populating states near the continuum, the total absorption rate is the rate 
for the discrete processes integrated over the density of accessible states in a band of 
energies so that
2 L -  f p ( £ M E .  (7)
dt 1 dt 1 1
where p(Ef) is the density of states.
The laser intensity written above is a function of the frequency interval and can be 
converted to an expression depending on energy by defining a normalized profile such
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that
Js(E,-E)<ar,=i (8)
where E=Ei+:hco is the energy at the center of the profile. The total intensity of the laser 
integrated over frequency is
/o = J/(co)</a> W
with a suitable range of integration such that du>=dE/h. We can simply write the identity
/„-J/(a>)<fc)«J/„*(B/-£)dE, <1#>
which, when substituted into Eq.(6), gives
dfj 2ji2e2N I  r/ rp(£,) Li [ I P - L  g(E,-E)dE aw
dt me J Ef -E i
for the total absorption rate from the initial state to the near threshold excited state of the 
atom. The oscillator-strength-density is the product of the individual oscillator strengths 
and the density of states:
OA£,)-/fip(£,) W2)
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We now need to know the average observed oscillator-strength-density as a function 
of the energy of the center of the profile, E, not the set of final energies, Ef. The average 
oscillator-strength consistent with the definition of the Einstein induced absorption 
coefficient is the more complicated average
T m < E - E ) J g(Er E)dE, (13)
which, when the energy dependent coefficient (E-E;) is divided from the RHS and the 
result substituted into the rate equation, yields
~ W = 2ji2c2 r N V]{E) (14)
dt me ° 1 E-E;
The net result of all these definitions can be seen when we finally insert the average 
oscillator-strength-density formula derived in Ref.[3] from the semiclassical Green 
function into Eq.(14).
2.2 OSCILLATOR STRENGTH DENSITY AND CLASSICAL TRAJECTORIES
The average oscillator-strength-density can be written as a combination of a smooth 
background term and a set of sinusoidal oscillations which are correlated with classical 
trajectories that are closed at the origin. The amplitudes and phases of the oscillations 
depend on both the total energy and the magnetic field strength.
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We need to consider all closed classical orbits labeled "k", and their properties for 
multiple repetitions labeled by "n":
applied magnetic field, 0j=0,=O. The detailed derivation of equations 15, 16, and 17 is 
given in Ref.[3] and in Ref.[12], while we will need here only a brief explanation of the 
relevant terms.
The smooth background term, Df0, is the oscillator-strength-density which would exist 
if there were no magnetic field. The amplitude of the sinusoidal term, Ckn(E,B) in 
Eq.(16), has an explicit dependence on energy (E-Ej) which is cancelled when the formula 
for the average oscillator-strength-density is substituted into the average absorption rate 
equation, Eq.(14). It is the average absorption rate which is directly measured in the
m m  =Dfo(E )+ '£ y£  gkCk(EJi)sin[Ak(£,5)] (15)
n k
The amplitude contribution for the n’th repetition of the k’th classical orbit is
Ckn(E,B) = H (E -E )219/W o-,/4(sin0;Sin0j'")1/2A ; Y(0*)Y*(0*B) 
(16)
C0n(EyB)=HL(E-E) 2™nro-wA 0n Y(0;=O)Y*(0/=O)
li2
while the phase due to that orbit is
K ( m
(17)
The subscript k=0 refers to the closed orbit which is parallel to the direction of the
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experiment.
The classical orbits are started on an spherical initial surface at the point specified by 
r0 and 0;k. The azimuthal coordinate is ignorable. The orbit returns to the initial surface 
at r0 with a final angle 0fk,n. The boundary radius, r0, is chosen to be small enough that 
the potential energy interior to the the circle is dominated by the Coulomb term and the 
magnetic field can be ignored there, but it is large enough that the semiclassical 
approximation is valid outside of r0. In practice, a suitable radius is anywhere from 10 - 
100 Bohr radii. The asymptotic form of the quantum solution for outgoing or returning 
Coulomb waves, E «  0, in the interior is matched to the semiclassical approximation for 
outgoing or returning waves at r0.
The amplitude of the semiclassical wavefunctions denoted Akn, depends on the ratio 
of initial and final Jacobians,
a ;=
\Jnk(t=0)1
\m=n) i
(18)
with the Jacobians defined by (supressing indices on coordinates)
dr dQ 
dt dt
dr dQ 
~dQ~ ~df
(19)
Only the two-dimensional Jacobian is necessary to calculate the amplitude for k*0
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because the (j> dependence of the equations of motion is ignorable. The three-dimensional 
Jacobian is needed for the orbit along the z-axis, k=0. In either case, the Jacobians at t=0 
and t=Tk“ entering Eq.(18) can be simplified for small r„ since orbits that close at the 
nucleus have zero returning angular momentum. It follows then that as ro->0 the 
amplitudes Akn become
1
1/2
1K ( r o~*0) =
dQkf dQ°/n
dQo dQo
The products r0'1/4Ak" and r0'1/2Aon are constants as r„ approaches zero. This cancellation 
of the dependence on r0 can be shown by writing Eqs.(20) in terms of semi-parabolic 
coordinates13.
The coefficient gk is a statistical weight. For every orbit which goes out with 0 ^ 0 ;  
ss 90°, there is another equivalent orbit that goes out with 90° < 0; ss 180°. Therefore, all 
orbits have statistical weight gk = 2, except for the 90° orbit, which has a weight gk = 1. 
Then the sum in Eq.(15) includes all orbits which begin in the first quadrant.
The final term in Ck", the shape of the outgoing wave associated with the k’th 
trajectory is contained in the Y(0)’s which contain the dipole operator of the laser’s 
electromagnetic field and the initial state wavefunctions.
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The wavelength and phase of the oscillations in the oscillator strength density are set 
by Ak“(E,B), Eq.(17). The classical action of each closed orbit is
where the integral is the action for the first closure of the classical orbit. It is integrated 
all the way around the the trajectory, from r=0 to r=0 (not starting and stopping at r0). 
This integral is simple to evaluate for the parallel orbit.
Whereas the action changes smoothly and continuously as the trajectory evolves in 
time, the phase factor, /fk"(E,B), the Maslov index, increases by one for each caustic or 
focus encountered along the classical trajectory. At these points the Jacobian in the 
denominator of Eq.(18) passes through zero and the projection of the semiclassical 
approximation to the wavefunction into coordinate space is singular. The wavefunction 
on one side of the caustic may be related to the wavefunction on the other side by means 
of a uniform approximation141*. The matching of solutions leads to a well defined phase 
change upon passage through the caustic. This phase change is counted by the Maslov 
index.
A simple counting of the zeroes of the two-dimensional Jacobian does not give us 
all the changes in the Maslov index however.
The passage through the z-axis (p=0 in cylindrical coordinates) for orbits with k *
(21)
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0 also increases the Maslov index by one. The rotational symmetry in three-dimensions 
gives a caustic at the z-axis for these orbits even though the Jacobian in two-dimensions, 
Eq.(19), does not pass through zero there. Another special region to consider is the 
vicinity of the nucleus: passage around the nucleus increments the Maslov index by two.
The parallel orbit which lies on the z-axis, k=0, is unique. This orbit never crosses 
the z-axis itself, but its neighboring trajectories, needed to calculate the Jacobians, do. 
Each time a neighbor crosses the parallel orbit the Maslov index increases by two. Also, 
for this special orbit, passage around the nucleus only increments the Maslov index by 
one.
Thus we see that the Maslov index depends on the particular orbit, k, and the number 
of closures at the origin, n, as well as on the total energy and the magnetic field. We will 
present simple formulae for calculating the Maslov index for any orbit later in this 
dissertation.
2.3 OSCILLATOR STRENGTH DENSITY AND THE 
HAMILTONIAN SCALING LAW
Let us write the Hamiltonian for a one electron atom in a uniform magnetic field 
pointing in the positive z direction in the precessing Larmor frame. This is most
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conveniently done in cylindrical coordinates,
p2 <M)2m 2mp2 (p 2+z2)m 8 me2
We can nondimensionalize this Hamiltonian by writing the momenta, coordinates, and 
time as
q = l  ; a  = 2 Z 1/3/n1/3 (—)2/3
a  5
; p= Z 1/3/nI/3e(—)1/3 (23)
U L  ; a - 2 * ( £ . )
6 <? B
to get a new Hamiltonian given by
H=— [(pl+pl) +— - ------1------ + p2]
2 p2 (p2+ f2)1/2
(25)
P2 ZMe 5
£ = _ L l  =____! (—)ll3L (26)
2 ap  2 2 Z V e  c 1
The new Hamiltonian has only two free parameters; scaled energy and scaled angular 
momentum about the z-axis. The equations of motion are left unaltered. The laser 
polarization in the dipole coordinate operator connecting the initial state to the upper 
states can be adjusted to populate only states with zero components of angular
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momentum, Lz=0. Thus, the classical behavior of trajectories in the Lz=0 subspace can 
be described by a single parameter, scaled energy. This is our case of interest.
For the Hydrogen atom in atomic units where Z=l, m=l, and e=l; we can abbreviate 
Eqs.(23) by defining a coefficient y,
v =( B )= Bitesla) (2?)
c 2.35x10s
so that Eqs.(23) become (in atomic units),
2
p=py~1/3
?  r  (28)
*= 2 Y
8 =Ey~m
where e  denotes the scaled total energy. If Lz=0 then the form of the new Hamiltonian 
is invariant along a curve in the E and B plane defined by EB'2/3= constant, Fig. 2.1. This 
invariance is the basis of scaled-variable spectroscopy.
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Fig. 2 .1) The lines o f  constant scaled-energy, s, are curves in the (E,B) plane. The absorption rate was 
measured at constant e by simultaneously varying the energy and the magnetic field strength. The lowest 
magnetic field strength was near 2.7 Tesla, while the highest was just below 6 Tesla. The experimental 
measurements were taken from e = -0.09 to -0.30 in steps o f 0.01 in e , and also at e = -0.45.
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We are now ready to look at the effect of the scaling law on the equation for the rate 
of absorption of photons. We have shown in a previous section that this rate is 
proportional to the average oscillator-strength-density:
The oscillator-strength-density depends on the classical closed orbits which are described 
by the Hamiltonian in Eq.(24). We have defined the smooth part of the oscillator-strength 
as Df0 and now we define the oscillatory part as Df,. Let us look at the oscillatory part 
of the absorption rate by subtracting out the term which depends on Df„:
The value of Df0 was calculated in Ref[3] in atomic units as 4.2138 reciprocal 
Hartrees (1 Hartree is -2.2x10s cm'1) at E=0. This value is nearly constant over the 
energy range of interest, see Fig. 2.1.
We now want to express the oscillations in the absorption rate in terms of the scaled- 
energy, e. We showed earlier that the factor (E-Ej), cancels with the same factor in the 
expression for Ckn(E,B) so the explicit energy dependence in Eq.(16) is not relevant. The 
transformation to scaled variables leaves angles unchanged (01=0;, etc). The semiclassical
fi A/ 9h4 r - p j j m
1 CE-E)
(29)
O
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amplitude factor Akn(E,B) is the square root of a ratio of Jacobians: each Jacobian scales 
but the ratio cancels the scaling factors for Jk"(E,B) so that Akn(E,B)=Akn(8) for any E and 
B which give e. The boundary radius, rOJ is the only term which does transform, which 
leads us to define,
A ' M - r 1* C,kf ^  r :m  (Sin0*sin0‘ ")‘^ ," ( e )
Ke E) (31)
=2v ; wa 0"(e) T(e -o)y*(e/=o)
( E -E )
where the amplitudes D0 and Dk now depend only on the value of the scaled-energy, and 
the wavelength and phase are expressed in scaled variables as,
A"(e) = 5;'(e) w -  1 j4 ( s) -  
A n0(s)=S0\ z ) w - ^ ( z ) - l
(32)
„l/3
S ^ L - S k\E ,B)
1/3
2n
(33)
w s2ny~ i/3 = 2K
/
B
The factors of jc in Eq.(33) and Eq.(34) are needed to bring the definition of scaled-action
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in Eq.(21) into agreement with the definition of scaled-action used in Ref[2].
Combining the above results, we find that the relevant quantity to study is y'116 times 
the oscillatory part of the absorption rate. This removes almost all of the field-strength 
dependence from the calculated amplitudes. Let us then define a reduced absorption rate,
R(w; s) =y w
dt
= y-1/6
J o s e 2n2I  N.
(E -E )
= £  o^YI/6£,o"(e)sin(Ao(e))
+ E E  gkD kX£) s H K ( z ) )
(35)
Suppose this quantity is measured as a function of w with e fixed. Then each orbit 
having scaled action Sk"(e) or S0n(e) contributes an oscillation whose wavelength depends 
on e but not upon w:
Al=—  (36)
s;(«)
The amplitude of this oscillation, Dk"(e), as well as the absolute phase which involves the 
Maslov index, /V (e)> also depends only on e and not upon w. In other words, if the 
absorption spectrum is measured at fixed s and y'1/6 times the oscillatory part of the 
absorption rate is plotted as a function of w, each return of the closed orbit, except in the 
special case k=0, contributes a perfectly sinusoidal oscillation. The k=0 orbit has an
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amplitude which does vary with w due to its different scaling properties. This can be 
easily taken into account in the calculations.
The reduced absorption rate R(w;e) in Eq. (35) is measurable at fixed e by varying 
the photon energy and the magnetic field strength simultaneously. In figure 2.2 we show 
an experimental absorption spectrum taken at fixed scaled energy e = -0.23. The dark 
line is the same experimental spectrum smoothed by a Gaussian profile. Figure 2.3 shows 
the smoothed experimental spectrum, minus the background, and the theoretical spectrum 
calculated by including all classical orbits and their repetitions with scaled actions less
A
than S = 5 (about 70 orbits of which 20 dominate). In theory the sum over all orbits and 
repetitions might reproduce exactly the experimental spectrum. The truncated sum, 
(Skns5), should reproduce the spectrum to finite resolution.
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w
Fig. 2 .2) The absorption rate measured at a constant scaled-energy as a function o f  the field-strength 
parameter, w . The range o f  the parameter is equivalent to to varying the magnetic field from about 6.0 to 
2.7 Tesla from the lefthand side o f the figure to the righthand side. The fine line is the original data from 
the experiment, w hile the thick line is the same experimental data smoothed by a Gaussian profile to 
emphasize the large-scale structures. The width o f  the profile was chosen to eliminate structure
A
corresponding to S a  5.
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Fig. 2.3) The thick line is the same smoothed experimental absorption spectrum shown 
in figure 2.2, and the fine line is the theoretical absorption spectrum calculated by 
coherently summing the contributions of about 70 closed orbits whose scaled-actions are 
less than or equal to 5. The average background has been subtracted from the 
experimental spectrum and the magnitude of the oscillations has been scaled to be 
comparable with the theoretical oscillations.
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The theory gives absolute absorption rates, but the measurement gives relative rates. 
In Fig. 2.3 we adjusted the scale of the experimentally measured oscillations so they 
would be comparable in magnitude to the theoretical ones.
Finally, the arbitrary initial radius r„ or r0 can be eliminated from the formulas by 
making use of semiparabolic coordinates,
The scaled-momenta are pu=du/dx and pv=dv/dx. This gives us the Hamiltonian, h(u,v,x), 
in the form we desire. These coordinates allow the trajectories to pass through the origin 
as straight lines. One can show13 that
dt 4t(t) (37)
h = —(pl+ pl)-4z(u2 + v2) + 8u2v2(u2+v2) = 2 
2
- 1/2
6 6
_ yi/6 23/2cos(_L)cos(_^) J l2(k,n) (38)
and
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r ;m A0n = Y1/3 (2rom)A no
= y1/3 | 23/z J 12(0,n) I'1 <39)
_  1-1_  1^/3
where J12 is an element of the derivative matrix of the (p„ v) map,
J n = h .  (40)
12 dpv
and Juv is the semiclassical Jacobian in (u, v) space:
T  _  d ( U >V )  =
uv a(x,©.) e. (4i)
Either quantity, J12 or Juv, is to be evaluated at the origin u = 0, v = 0 on the n’th return 
of the k’th closed orbit. Each is smooth near the origin, and has a finite limit as R = 
(u2+v2)1/2->0. Formulae analogous to these were first developed by Bogomolnyi15.
2.4 FORMULAE FOR THE FOURIER TRANSFORM AND 
POWER SPECTRUM
A Fourier transform of the absorption rate with respect to the conjugate variables S 
and w will give delta-function peaks at the actions of each orbit. The finite range
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transform will give broadened representations of the delta function with a width set by 
the range of w, i.e. the range of the variation of the magnetic field strength at fixed scaled 
energy.
We would now like to get an analytic formula for the Fourier transform of Eq.(35). 
Let us denote the transform by defining
R(S;e) = &~ R(w; e )  
2
(42)
w .-w . .2 1 H».
J  e 'i&w R(w;t)dw
Thus from Eq.(36)
W o - W .  J  n  2  2
2   ;
r 2 J / ' -
7 Z  f t /  \  3 j t
(43)
E E SkDkn(E )s\n[S"(£)w --/ink(B) - — \)e 'i&wdw
n  k  Z  4
1 — . r ‘K V -fy n - i r i - i ]
< W2~Wl) - i (44)
n • 3n.
n  k
Since Sk" > 0, only the first exponential term in the sines gives a large contribution. 
Evaluating the integrals in this approximation and neglecting terms of order (wt- 
w2)/(w,+w2) (see Appendix A), the results can be written in the form
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i\bx;-^ ,"r *I] sin[flx*n]
(45)
where we use the definitions,
a =
w2-w ]
(46)2
b = - ± -  
2
w2+w]
The power spectrum is the square of the Fourier transform given in Eq.(40). To see 
the structure of the power spectrum it is useful to carry this out explicitly. For simplicity 
consider the square of Eq.(40) neglecting the explicit n dependence (This is the same as 
treating the n’th repetition as a distinct orbit) and including k=0 in the summation, 
remembering to substitute (2ir)l/2b'1/2 D0 as the relevant coefficient. The power spectrum 
is then written as a double sum over the orbits,
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sin[axj sin[ax]
** xi
(47)
sin[dx] sin [orJ
x. xk
The spectrum is normalized by the factor 1/a2. In eq(42) it is particularly easy to see how
1) The diagonal terms, j=k, give the isolated peak shapes at Sk = S with a width set 
by the coefficient a,
2) The off diagonal terms, j*k, may interfere destructively or constructively depending 
on the relative overlap and the phase of the cosine in Eq.(47).
In an ideal experiment, measurements are carried out over a sufficiently large range 
of w that the peaks are isolated, with no overlap between the j ’th and k’th peak, so the 
off diagonal terms do not contribute. In reality we find both well-isolated peaks and 
overlapping peaks. Observed peaks in the Fourier transform of the measured absorption 
spectrum may correspond to a single closed orbit, or to a coherent superposition of two, 
several, or many such orbits. Overlapping peaks add coherently, with relative phases 
given by the cosine factor in Eq.(47). The three terms controlling the relative phase in 
the cosine are the difference in scaled actions times the average of w, b(§k-Sj), the 
difference in Maslov indices of the respective orbits, and a constant difference which is 
zero except when either k or j equals zero, i.e. whenever the parallel orbit overlaps with
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the amplitudes and phases of the trajectories combine to form the scaled action spectrum:
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any other orbit.
In figure 2.4a we show both the needle graph representing the coefficients |Dk" (e)|2 
vs. Skn(e) for e=-0.23; these are the weights of the delta-functions that would arise in the 
hypothetical ideal experiment (for 0j=O orbit the relevant coefficient is |(2ji/b)1/2D0n(e)|2). 
We also show the smooth theoretical power spectrum given by Eq.(47).
e =  - 0 . 2 3
2 5 . 0
20.0
1 5 . 0o
CM
CO
00
c  10.0
5 . 0
0.0
5 . 02.0 3 . 0 4 . 00.0
Fig. 2.4a) Needles represent |Dkn(e)|2 or 2jt/b |D0”(e)|2, the recurrence strengths o f  individual orbits. The 
smooth line is the theoretical |R(S;e)|2, Eq.(40). The needles are smoothed and combined to imitate the 
finite range o f  the measured Fourier transform.
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
38
8=  - 0.23
25.0
20.0
15.0
10.0
5.0
0.0 5.03.0 4.02.00.0
Fig. 2.4b) Recurrence strength |R(S;e)|2 at e = -0.23. Fine line: theory (same as Fig. 2.4a). H eavy line: 
experiment.
In Fig. 2.4b the experimental power spectrum is compared to the smoothed theoretical 
power spectrum. The two power spectra agree well except for an underestimate of the
A
amplitude of the coherent sum of the closed orbits leading to the large peak near S=3.
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2.5 LIMITATIONS OF THE EXPERIMENT
Our ability to observe and to resolve peaks associated with individual orbits in this 
experiment is limited by the usual resolution problems associated with Fourier transforms. 
The parameter a, the half-range of w over which the spectrum is measured, determines 
the widths of the peaks in the Fourier transform. In principle, the stepsize in w 
determines the largest-action orbits that can be seen. The present experiment has an 
additional limitation: the laser resolution determines the longest-period orbits that can be 
seen.
a. RANGE OF MEASUREMENT AND SEPARATION OF NEARBY PEAKS IN THE 
POWER SPECTRUM
The range of w along the fixed scaled-energy line in the (E,B) plane limits the ability 
to experimentally resolve orbits of the same action in the Fourier spectrum. If we accept 
the Raleigh criterion for resolution of nearby trajectories (call them j and k), peaks in the 
power spectrum are just resolvable when the first minimum of the peak sin(axj)/Xj for the 
j ’th orbit falls at the position of the maximum of the peak sin(axk)/xk for the k’th orbit.
A A
This condition is a(Sk - Sj) = ji, or
S ,-S .~ —  (48)
k 1 Aw
where Aw is the range of w over which the spectrum is measured. When peaks overlap
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they combine coherently. Adjacent peaks may interfere constructively or destructively; 
this depends on the values of and <j>kfor the orbits and also upon the values of w, and 
w2 in the experiment. Coherent sums of many peaks can be complicated, and they are 
very sensitive to the experimental parameters.
b. STEPSIZE OF MEASURED VALUES AND DETECTION OF LARGE ACTION 
ORBITS
In an ideal scaled-variable experiment, the scaled energy e would be precisely 
determined. If measurements are made in finite step of size 6w, then Fourier 
transformation can give peaks only up to a maximum such that
S (49)
max bw
In the present experiment, the stepsize, 6w, was about 0.03, so hypothetically the largest-
A
action orbits that would be observed could have actions S«100.
In reality the uncertainty in w was substantially larger than the convenient step size; 
it was governed by the precision with which the magnet could be adjusted (about ~l/3%). 
Then the 6w in Eq. (44) is not the step size, but the uncertainty. Therefore
6B/B=3xlO'3
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Sw/w=»lxl0‘3
Sw<=0.25
c. ENERGY RESOLUTION AND DETECTION OF ORBITS OF LONG PERIOD
In any real experiment, the scaled energy is determined only to the resolution allowed 
by the laser. In the present experiment the laser resolution also limits our ability to 
observe long orbits. The longest-period orbits that can be seen have Tmax« 2jtV6E, where 
6E is the energy resolution of the laser.
To show this, let us express the experimental uncertainties in the photon energy of 
the laser, E, and the stepsize in the magnetic field strength, B, as uncertainties in w and 
e. These lead to an uncertainty in the phase of the sine in Eq.(34):
0=5;(e)w
As is well known3, for fixed magnetic field and fixed initial and final coordinates,
M> = w&§“(e)+S“bw (50)
(51)
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so that
de
k =t". -T t,
7Vxt=.
2jt
.=period o f  orbit, cyclotron units
(52)
Therefore the total variation in phase is simply
6<E> = wx"k be +Skbw (53)
The experimental absorption spectra were taken over a range of magnetic field 
strength such that w'1/3 is in the range,
213_<W1/L<277 (54)
and, as stated previously, the uncertainty in w was
6w«0.25 (55)
The laser’s resolution was given as &1.5 GHz9 or alternatively -0.05 cm'1. This can be 
expressed in atomic units in terms of be at fixed field strength as
be=y'2/3bE
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Picking the average value of the field to be the midrange of w'1/3 we get
8e« 3 .4 x 10"4 (57>
The variation in depends on the period of the orbit in cyclotron times and also on 
the scaled action. If we insert typical values of the action and period and the average
A
field strength ( Sk”«3, xkn=5, and w~245), then for this experiment we estimate
6<P®12305e+ 38 w (58)
Inserting the variations in e  and w, Eq.(52) and Eq.(50), it is seen that for this experiment 
both the limited laser resolution and the magnetic field uncertainties contribute 
comparably to the phase error entering Eq.(48). In general, as can be seen from Eq.(48), 
for a fixed laser bandwidth the uncertainty in e  will grow as B is decreased.
There are two idealized cases, one in which the error is due solely to the variation in 
the laser energy and the other where the error is due solely to the uncertainties in the 
magnetic field. These cases respectively put an upper bound on the longest period orbit 
which is observable and the largest-action orbit which is observable. If a range ±5<3> 
about any particular value of <t> in Eq.(34) is sampled, then
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5w =0
(59)
6e=0
The derivation of Eqs.(59) is in appendix B. If we insert Eq.(55) and Eq.(57) along with 
the average value of w, then Eqs.(59) give the bounds xmax=35 cyclotron times and 
Smax«12. The cutoff function, as shown in the appendix, is a smooth function of x and 
§  and the effect of the uncertainties is to diminish the observed amplitude of spectral 
oscillations associated with long-period or large-action orbits.
In the present experiment the scaled actions are less than or equal to 5, so the effect 
of the cutoff in action is included in the calculations but never reached. However, 
especially at high energies, -0.1 < e  *; 0, we find that orbits having actions less than 5 can 
have long closure times, and the bound xmax is reached and often exceeded. This is 
especially true for orbits which are confined by the potential to the vicinity of the z-axis.
Since we are plotting amplitude and scaled action, rather than amplitude and time, the 
cutoff due to the laser bandwidth will affect the shape of features in the Fourier spectrum. 
That is, orbits with nearly the same action but widely differing periods will be cut off by 
different amounts, changing the net amplitude at that action in the power spectrum. The
““  w 6e
3 Jt
max
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sum over orbits must be modified to include the gradual cutoff of long-period orbits if 
the finite resolution experimental spectrum is to be approximated. This cutoff factor was 
incorporated into all of our calculations.
2.6 ORGANIZING PRINCIPLES FROM BIFURCATION THEORY
To make easier the discussion of the proliferation of orbits in this system, we need 
some information from bifurcation theory. A more complete development of this is given 
in Ref. [10].
We find it convenient to work in scaled semiparabolic coordinates (u,v,x) and define 
a modified Poincare map such that pv and v are recorded every time u passes through zero 
for either sign of pu (in the original (p,z) space u=0 is the negative z-axis). We have the 
mapping,
*1 = / ( * »
(60)
p=p, v^q, 
z=(p,q).
We will often call this modified Poincare map the "half" map in distinction to the usual 
Poincare map or "full" map. An m-periodic orbit on the map is the set of points such that 
the m’th iteration of the map returns to the initial point: zm=z0. Every periodic orbit of
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this map corresponds to a periodic orbit of the Hamiltonian, Eq.37. The period of the 
orbit in uv-space either corresponds to exactly the map-period (if the map-period is even, 
as it is for the snake orbit discussed later), or it corresponds to twice the map-period (if 
the map-period is odd, as it is for the balloon orbit also discussed later). The Jacobian 
matrix associated with this mapping evaluated on the first closure of an orbit is
The determinant of this matrix is always equal to 1 (area preservation), and its trace is 
denoted
The structure of the bifurcations on the Poincare map is determined by the value of the 
trace evaluated at the periodic orbit on the first map-period of the orbit.
This is easily seen by examining the eigenvalues of a 2x2 area preserving map (We 
will drop the subscripts with the understanding that the matrix is evaluated at the map- 
period). The characteristic equation for the eigenvalues is determined by requiring
(61)
[ dq dp )
T r ^ u T r ^ J f z i z ) ] (62)
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J n ~^ J n 
2^1 ^22“^
= 0 . (63)
Using Tr J = Ju+J22 and Det J = JnJ22-J21J12 = 1, we have
\ 2-Tr{J)+1=0
Xi =  TiV)JtW  * -4  • (64)
2 2
There are three distinct cases: parabolic, elliptic, hyperbolic. For the parabolic case, the 
eigenvalues are degenerate when Tr(J) = ±2 with either X+=X=+1 or X+=X.=-1 
respectively. One of the off-diagonal entries of J must vanish at these points to satisfy 
det(J)=l. If J12 vanishes the semiclassical amplitudes will become singular in Eq.(38) or 
Eq.(39). The stability of this case is neutral in the linear approximation. For the elliptic 
case, |Tr(J)| is less than 2 and the eigenvalues lie on the unit circle in the complex plane 
and X+=e+ia and X=e'm are complex conjugates with a  equal to the winding rate on the 
map. This corresponds to elliptic motion about a central o-point and the orbit is stable. 
For the hyperbolic case, |Tr(J)| is greater than 2 and the eigenvalue lie on the real axis 
with X+=l/X.. These eigenvalues can also be written in the form X+=±e+p and X=±e'p 
where (3 is the stability exponent. The positive and negative exponents correspond to 
motion on the stable and unstable manifolds of an x-point respectively and the orbit is 
unstable. If Tr(J) < -2, then the phase plane behavior is hyperbolic with reflection, while 
if Tr(J) > +2 it is simply hyperbolic. Further details are available in Ref[10].
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We can now make the following statements: If the absolute value of the trace at a 
map-period is greater than 2, then the orbit is unstable, and it does not bifurcate. If it is 
less than 2, the orbit is stable, and it can bifurcate.
Bifurcations occur when there is a resonance between the period of the orbit and the 
period of oscillations transverse to the orbit. Hence focusing effects are intrinsically tied 
the bifurcations of an orbit.
Mathematical analysis16 has established the beautiful theorem that there are only five 
"generic" types of bifurcations for two-dimensional area-preserving maps. When a 
resonance produces a new orbit of map-period m-times that of the original orbit, the 
structure of the bifurcation is determined by the value of m, table 1.
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Table 1 
Generic Bifurcations
m. I t Bifurcation tvoe
1 2 Saddle-node
2 -2 Period doubling
3 -1 "Touch-and-go"
4 0 "Touch-and-go" or 
four-island chain
*5 Five-island or m- 
island chain
Symmetries of the system modify the structures of the bifurcations. A complete 
theory, listing all consequences of any possible symmetry, does not yet exist. However, 
for the parallel and perpendicular orbits, the consequences of the symmetry of the 
potential energy about p=0 and z=0 have been analyzed10, and the modified bifurcations 
are given by table 2.
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Table 2
Bifurcations modified by symmetry
£L Tr Bifurcation tvoe
1 2 Pitchfork or antipitchfork
2 -2 Standard period doubling
3 -1 Doubled three-island chain 
(symmetric period tripling)
4 0 Touch-and-go or four-island chain
&5 m-island chain (m even) 
or doubled m-island chain (m odd)
Usually the closure-time of a new orbit produced in an m-bifurcation is m times that 
of its parent. However in one case (if m is even and the map-period of the parent is 
odd), the closure time of the new orbit is m/2 times the closure-time of the parent (see 
appendix F). For example, the map-period of the balloon orbit is 1 (odd), and its 4:1 
bifurcation (m=4) produces an orbit that closes at twice the closure time of the balloon.
In the following discussions the trace as a function of e will be used to classify and 
show the order of the bifurcations. Additionally, it is easy to show that the winding rate
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and the stability exponent in the neighborhood of a closed orbit are simply related to the 
trace by
a , =cos',[7r1(zo;e)/2] Os a , sot  |7>J<;2 (65)
P j=cosh-1|Tr j(z0;e)/2] \Tr\>2
This follows from diagonalizing the J matrix and the definitions of a  and p in terms of 
the eigenvalues. The subscript 1, as usual, denotes quantities evaluated at the first map 
period .
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CHAPTER 3: THEORY CONFRONTS EXPERIMENT
3.1 THE GLOBAL PICTURE
Measurements of the absorption spectrum were made at twenty-four different fixed 
values of scaled-energy e  with the magnetic field varied between 6.0 and 2.7 Tesla 
(corresponding to a range of w from 213 to 277). The resulting Fourier transforms of the 
measured absorption spectra at each scaled energy are shown as a single graph in figure 
3.1. The theoretical recurrence spectra from closed orbit theory are presented as needle 
graphs in figure 3.2. The most striking feature of these graphs is the clustering of the 
peaks of the transformed spectra into distinct groups at low energy, and the proliferation 
of peaks as the scaled-energy increases.
The behavior at low energy is easy to understand. At very low energies (e s  -1), 
almost all of the trajectories are regular (multiply-periodic). Pictures of such orbits were 
shown in Figs. 3a and 3b of Ref.[17]. Each regular orbit can be regarded as a Kepler 
ellipse with periodically varying orbital parameters, so each such orbit has two 
fundamental frequencies. One is near to the Kepler frequency, Q, “ l/2n3, and represents 
the frequency of the motion of the electron around the ellipse. The other frequency Q2 
is much lower, and represents the frequency of periodic variation of the orbital
52
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parameters, i.e. precession of the ellipse. These two frequencies are continuous functions 
of their conjugate action variables, which are conserved on each trajectory.
The regular orbits form themselves into three families17. One family is centered on 
the p-axis, while the other two are centered on the ±z axes. Within each family of 
multiply-periodic orbits, periodic orbits are embedded: whenever the ratio of frequencies 
Q2/Qt is a rational number, i/j, then the orbit is periodic and has frequency i Qj = j Q2. 
Most such periods are very long: they are a usually large multiple of 2jt/Q2, which itself 
goes to infinity as e becomes large and negative13,17.
However, there remain four short-period orbits even at large negative s: one that 
moves on the p-axis, two that move on the ± z axes, and one that approaches a circle in 
the (p z) plane. Of all the orbits that exist at any given scaled-energy, the present
A >
experiment gives a signal (a peak in R(S;s)) for the relatively short orbits that begin and 
end at the nucleus. Accordingly, we expect a peak at actions corresponding to the orbits 
on the p axis and on the ±z axis.
At e  « -0.3, the orbit on the p axis (the perpendicular or 90° orbit) has scaled action
A
S -  0.975. A small peak is plainly visible there (actually it is a large peak, but it is small 
compared to some of the others). Peaks at actions corresponding to subsequent returns
A
of this orbit to the nucleus are also visible in figure 3.1 at S = 1.95, 2.91 (barely visible 
at this scale), and at 3.9 (combined with other orbits).
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At this value of s, the orbits on the ±z axes (hereafter we will consider only "the" 
parallel orbit which lies along the positive z-axis) have scaled-actions equal to 1.291, and 
we can see peaks near 1.3, 2.6, and 3.9. However it turns out that the amplitude Dk"(e) 
associated with this orbit is quite small, and detectable in isolation only at significantly 
lower values of e. As we will explain below, the observed peaks generally result from 
orbits that bifurcate out of the parallel orbit and have nearly the same action as that orbit.
As the scaled-energy e  is increased, we see that the individual peaks split into 
mountain ranges. In the underlying classical dynamics order changes to chaos as e  
increases. Whereas regular systems have simple, orderly families of closed orbits, chaotic 
systems posess many closed orbits. General arguments give a rule for the number of 
periodic orbits of a given length that may appear: in a typical regular system the number 
of periodic orbits having action less than increases as a power of Smax, as Smax2 in our 
case; however in a typical chaotic system the number increases as exp(Smax). Therefore, 
as e increases and order changes to chaos, periodic orbits must proliferate.
Where do new periodic orbits come from? Some bifurcate out of the parallel and 
perpendicular orbits; others bifurcate out of these new orbits; still others appear "out of 
nowhere", in stable-unstable pairs.
A general theory has been developed that describes the types of bifurcations that
R e p ro d u c e d  with p e rm iss ion  of  the  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .
55
typically occur in a Hamiltonian system. This theory asserts that typical bifurcations can 
be classified into five basic families -- we call them saddle-node, period-doubling, touch- 
and-go (two types), and island-chain bifurcations. In our system, as a result of 
symmetries, the structures of some of the bifurcations are modified, and another type — 
a pitchfork bifurcation — also appears.
This classification scheme and its application to our system has been described in 
Ref.[10], In this dissertation we show how those various bifurcations manifest themselves 
in the experimental measurements.
We examine first the saddle-node bifurcations, then bifurcations from the 
perpendicular orbit, then those from the parallel orbit.
3.2 SADDLE-NODE BIFURCATIONS AND EXOTIC ORBITS
Isolated orbits which do not bifurcate from the parallel orbit or the perpendicular orbit 
(or from their progeny) have been designated "exotics", and have been denoted by X1( X2, 
X3 ... Because they may be born with actions lying in the gaps between the major 
sequences, the exotics often have clear signatures which can be seen in relative isolation 
in the experiment.
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Each exotic, such as Xt shown in Fig. 3.3, is actually a pair of orbits, one stable and 
one unstable, which appears by saddle-node bifurcation18. This one occurs at a scaled 
energy of £=-0.1154423. A surface of section, Fig. 3.4, shows the creation of both a 
stable and an unstable closed orbit at this energy. Both branches of Xj continue to higher 
energies, and at a scaled energy of £=-0.1154265, the stable orbit also goes unstable. The 
Maslov index for the first closure of the initially stable branch is 6, while the Maslov 
index of the unstable branch is 7. Figure 3.5 shows the theoretical behavior of the 
semiclassically calculated amplitudes A ^e) for each branch as a function of scaled 
energy. In our semiclassical formulas, the amplitude A ^e) at the bifurcation energy is 
infinite, and then it decreases as i * - ebif r  as we move away from the bifurcation 
energy. A full quantum theory of this bifurcation is being developed. The quantum 
theory must give a finite result at all values of e and we expect that it will also give a 
small but non-zero amplitude slightly below the bifurcation energy19.
The appearence of a new peak "out of nowhere" is evident in Fig. 3.1 at £= -0.12,
IS
S “2.6. This is shown in more detail in Figs. 3.6 and 3.7.
One more interesting aspect of this bifurcation is visible in Fig. 3.7. In the 
experimental measurements, a peak evidently associated with the exotics Xt is already 
visible at £= -0.12, just below the bifurcation. We would be delighted to attribute this 
to a kind of quantum tunneling effect: the new pair of orbits makes itself visible in the 
quantum system before it manifests itself in the classical system. However experimental
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uncertainties in the photon energy and the magnetic field strength would produce the 
same effect, so the measurements must be reexamined before this interpretation can be 
accepted.
The exotic Xs, Fig. 3.8, is also clearly seen in both theory and experiment as a new 
isolated peak. Xs is also born as a stable-unstable pair at a scaled-energy e=-0.18057 with
A
scaled-action near S=3.85, Fig. 3.1. The correlation between the experimental peak and 
the classical orbit is unambiguous despite a small overall shift in action (There is no 
indication of a peak below the classically predicted bifurcation energy for Xs).
There is an interesting point to note about the amplitude of the peak associated with 
this exotic orbit. We show the recurrence spectra in the neighborhood of this orbit in 
more detail in figure 3.9. Both the experimental and the theoretical recurrence amplitudes 
show a decrease and then an increase as the scaled-energy is increased away from the 
scaled-energy of the original saddle-node bifurcation. This is due to the creation of two 
new orbits which bifurcate from the first return of Xs near e=-0.1642, and which combine 
with Xs in the measured recurrence spectrum at s = -0.16. The recurrence strength of the 
originally stable branch of Xs on the first and second closure as a function of e is shown 
in Fig. 3.10a. This branch of Xs becomes stable again in the scaled-energy neighborhood 
of this bifurcation. The trace diagram for both the stable and unstable branches of Xs is 
shown in Fig. 3.10b. The orbit undergoes an anti-pitchfork bifurcation when the trace 
equals 2, e=-0.1641, and a symmetric period-doubling when the trace touches -2. This
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non-generic trace behavior seems to be related to the reflection symmetry of the Xs orbit 
with respect to the z=0 plane.
The originally stable branch of the X, orbit also goes unstable as e increases and then 
returns to stability. It however does not bifurcate on its first closure, in contrast to the 
behavior of Xs. It does bifurcate on its repetitions, but apart from their theoretical 
interest, these repetitions and those of other exotic orbits all fall outside the scaled-action 
range of these experimental recurrence spectra. We will say more about the repetitions 
later after we have analyzed the simpler behavior of more typical orbits.
Many additional exotic orbits are found in calculations and indeed many of them can 
be sorted into orderly sequences. We show two such sequences in Figs. 3.11a and 3.11b. 
Each succeeding member in these sequences has a period which is approximately one 
cyclotron period longer than that of the preceeding member. The sequence in Fig. 3.11a, 
which starts with X„ is visible in Fig. 3.2 and observable in the measurements at e = 0.0. 
Also visible in Fig. 3.2 is the exotic sequence beginning with an exotic orbit first visible 
at e=-0.09 (unfortunately it appears at a scaled-action near an orbit undergoing a period 
doubling bifurcation at this scaled-energy making comparision between theory and 
experiment difficult). We show members of this sequence in Fig. 3.11b. We will discuss 
other examples of exotic sequences later in this thesis.
All the exotic orbits examined are born by saddle-node bifurcations, as stable-
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unstable pairs. At the bifurcation energy, both the stable and unstable orbits have 
identical periods and actions, and the periods and actions diverge as the scaled energy 
increases above the bifurcation point. The semiclassical amplitude on the first return for 
each orbit, A ^ e), is infinite at the bifurcation energy, drops rapidly with increasing 
energy just above the bifurcation then levels off. The amplitudes for the two orbits of 
a pair are comparable but not equal, as was seen in figure 3.5. The originally stable 
member of the pair will go unstable at larger e. Then either member may return to 
stability for some values of e (we will show a case where the originally unstable orbit 
returns to stability later in this thesis). If the newly stable orbit bifurcates and creates 
closed orbits on its first return, the semiclassical amplitude will be large near the 
bifurcation energy and the recurrence strength will increase as we have seen in Fig. 3.9.
In the experimental measurements, other exotics are visible, but in some cases the 
peaks are barely above the "noise" level of the experimental transform, and in others the 
exotics are masked by other peaks nearby. X, and Xs are just two which are particularly 
prominent and isolated, allowing us to see their contributions as a function of e  easily.
3.3 THE PERPENDICULAR ORBIT
A. RESONANCES OF THE PERPENDICULAR ORBIT
The first closure of the perpendicular orbit, R„ is the dominant feature of the Fourier
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spectrum at scaled energy equal to zero. It is the orbit with the shortest period and 
action, both of which vary only slowly over the total range of scaled energy examined. 
It is one of the two fundamental closed orbits which remain in the low energy limit, and 
the oscillations associated with this orbit were the first ones that were seen in the original 
experiments of Garton and Tomkins ("quasi-Landau oscillations")12.
Figure 3.1 seems to show the rapid disappearance of this peak as the energy is 
lowered. This apparent disappearence of Rt in the experiment is an artifact of the relative 
normalizations used to draw figure 3.1. The amplitude of R( actually increases slowly 
with decreasing scaled-energy, but there are other much larger peaks in the spectrum at 
decreased scaled-energy. Since the experimental Fourier transforms were normalized so 
that the highest peaks at each scaled-energy were of comparable height, the amplitude 
associated with R! was pushed into the background.
This orbit is stable below e= -0.12727 and unstable above this point. This change of 
stability produces an interesting effect that is visible in the measurements.
For unstable orbits, the amplitude associated with the n’th repetition of the orbit 
decreases approximately exponentially with increasing n. If the orbit has reflection 
symmetry through the z-axis20, then one can show that
sinhfl^e))
sinh^p^e))
1/2
AlOO (66)
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where is the stability exponent and A ^e) is the semiclassical amplitude given by 
Eq.(20) evaluated on the first closure of the unstable orbit, Appendix C. The formula 
predicts that the amplitude decreases exponentially with n at a rate proportional to the 
stability exponent (Similar formulae are well known in the Gutzwiller trace theory for 
the density of states). The amplitudes A" for Rn at e = 0.0 are shown as a function of 
action in figure 3.12a. This is difficult to observe in the present experiment because the 
peaks are masked by larger peaks associated with other orbits. However in an earlier 
experimental comparision3, we can see peaks associated with the first three repetitions of 
the perpendicular orbit plotted against time. The comparison in Ref.[3] showed theory 
in good agreement with that experiment. The relative amplitudes measured 
experimentally give an empirical estimate of the stability exponent for Rn at e= 0.0. The 
estimate from the experiment is Pj« 1.4-1.9 which is in reasonable agreement with the 
theoretical value of 1.32.
The amplitudes of repetitions of stable orbits behave in a completely different way. 
In the present case, one can show that for stable orbits the amplitude associated with the 
n’th return is related to that on the first return20 by
a ; ( £)=
sin(a,(e))
sin(na,(e))
1/2
(67)
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Here a , is the winding angle of a neighboring trajectory about the central closed orbit, 
Eq. 65. This formula gives what amounts to a quasiperiodic function: it is a periodic 
function of a continuous variable n having period An = 2it/a1(e), but the function is 
evaluated at discrete points (integer n) having no relationship to the period. To illustrate 
this quasiperiodicity Fig. 3.12b shows the amplitude of the first 20 repetitions of R„ at e= 
-0.2455.
As long as the winding rate a^e) is an irrational number, the amplitudes Ak”(s) are 
nonsingular. However, let us now consider what happens as we vary e (we show the 
winding rate and stability exponent as a function of scaled energy in Fig. 3.15). The 
winding rate varies continuously through rational and irrational numbers. Therefore, if 
we now fix n and consider Akn(e) as a function of energy e , then for each n there exist 
critical values of the energy such that,
n cij(e)= m rc m=l,2... n>l .
The classical amplitude on the n’th return Ak” is infinite at such points. Physically, this 
resonance condition implies that the period of stable oscillations transverse to the orbit 
is commensurable with the period of the orbit itself. As a consequence, the neighbors of 
the orbit, which begin at the nucleus and move away from the central orbit, all return to 
the central orbit at the moment that the orbit returns to the nucleus. Therefore, a focus 
exists at the origin on the n’th closure of the central trajectory. The derivative |d0f7d0o|,
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entering the denominator of Eq. 20 for Ak" is zero at a focus, so Akn diverges. 
Experiments show that the recurrence amplitude gets large, but remains finite near these 
resonances9. For scaled-energies close to such a resonance, the divergent semiclassical 
amplitude Ak“ is not a valid approximation to the actual observed amplitude for Rn, but 
it is a good approximation to the observed amplitude at energies sufficiently far away 
from the resonance.
We can see the effect of such near resonances in the experimental spectra.
Figure 3.13 shows the experimental and calculated power spectrum for the scaled 
energy z= -0.30. The theoretical calculation showing the Rn orbit alone is shown in the 
lower part of the figure. The amplitudes of the n=2 and n=4 repetitions of Rn are much 
larger than the n=l and n=3 repetitions. These large values for even repetitions are 
caused by a near-resonance: the perpendicular orbit has a 4:1 resonance at e= -0.3161921.
To show the consequences of this resonance in a more intuitive way, we show in 
Fig.3.14 a family of neighbors of the perpendicular orbit at this energy.
On the first closure, shown in Fig. 3.14a, the neighboring trajectories are widely 
spaced and the configuration space density is low. The returning wave (b) has a broad 
wavefront, having only a small overlap with the initial quantum state localized at the
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origin. In (c) the attractive Coulomb field turns the orbits around, and they go back out 
below the p-axis. On the second return (d), the neighboring trajectories, and the returning 
wave, converge almost to a focus in the region near the nucleus. This focusing effect 
gives a large overlap with the initial state22(i.e. a strong recurrence), which produces a 
strong interference effect and large-amplitude oscillations in the spectrum.
If the neighbors converge exactly on the nucleus (which happens at s= -0.31619), 
then the Coulomb field sends them back exactly the way they came. The outgoing wave 
then looks like the original outgoing wave, and the orbits turn around and produce a weak 
signal on the third return (exactly the same as the first return). They turn around again 
and produce a strong signal on the fourth return. This is precisely what we see in the 
experiment at e= -0.30.
In Fig. 3.15 we show the winding rate a^e) and stability exponent Pj(e) for the 
perpendicular orbit. This should be studied in conjunction with Fig. 3.16 which shows 
the scaled classical amplitudes D" for the perpendicular orbit as a function of e for n= 
1,2,3. R3 has a resonance at e = -0.20929 which is in the range of the experiment. Figure 
3.17 shows theoretical and experimental results over a range of scaled energy bracketting 
this resonance. The agreement is good except at e = -0.21. There, the 6:1 resonance of 
the perpendicular orbit gives an excessively large peak on the third return (§=3.08). The 
theory as presently formulated needs to be modified in the vicinity of the singularities, 
since it does not give good amplitude information near the critical energies for resonance.
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Such failures of semiclassical approximations near a focus are familiar in optics23. 
In future research we will repair the formulas to cover such cases.
In optics we also know that a focus produces an additional phase loss of it/2. In 
semiclassical approximations this additional phase information is contained in the Maslov 
index. We find that for the perpendicular orbit, the Maslov index for the n’th repetition 
decreases by one as the scaled energy increases past the critical energies for that 
repetition. This information is presented in Table 3. The Maslov index for each 
repetition ceases to change with energy after the orbit becomes unstable.
The transition from stability to instability is itself a resonance and can be said to be 
a 1:1 resonance. We might expect the theoretical amplitude Akn to be infinite. Yet we 
observe that the amplitude of R„ for n=l passes smoothly through the critical energy and 
that there is no change in the Maslov index. This has a simple explanation.
These resonances of a stable closed orbit are closely related to the creation or 
destruction of new orbits. Orbits may be created from or destroyed at a previously 
existing orbit only if that orbit is at a resonance. The new orbits though may or may not 
intersect the origin. If the newly created orbits do not intersect the origin, then there is 
no effect seen in the photoabsorption spectrum since there is no overlap with the initial 
state. The transition from stability to instability for Rn when examined on a Poincare 
surface of section shows that new orbits are created there but the new orbits do not close
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repetitionenergy | (1) (2) (3) (4) (5)
0.00 1 4 7 10 13-0.14 1 4 7 10 13-0.15 1 4 7 10 13-0.16 1 4 7 10 14-0.18 1 4 7 11 14-0.21 1 4 8 11 14-0.25 1 4 8 11 15-0.32 1 5 8 12 15-0.41 1 5 8 12 16-0.49 1 5 9 12 16
Maslov indices at various scaled energies for Rn. At the critical energies where 
neighbors of the perpendicular orbit are focused on the origin on the n’th return, the Maslov index for that return changes by 1.
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at the nucleus10. This is again in contrast to the parallel orbit, Vn, whose passages from 
stability to instability do create orbits closed at the origin and these new orbits have a 
great effect on the observed spectrum.
Thus we see that the resonances are also tied to bifurcations. The resonance visible 
in the experiment at e  = -0.30 is tied to the creation of a closed orbit we have called 
"Pac-man". The 6:1 resonance near e  = -0.21 and the 8:1 resonance near e  = -0.18 also 
produce new closed orbits.
B. ORBITS BORN FROM THE PERPENDICULAR ORBIT
1. PACMAN
An interesting bifurcation from Rn is the orbit associated with the 4:1 resonance, 
nicknamed "Pac-man", Fig. 3.18. This orbit is a stable-unstable pair that is created in a 
complicated sequence of saddle-node bifurcations with reconnection into two 4-island 
chains. The stable-unstable pair is created at s= -0.3172 at an angle of about 66.7° from 
the z-axis. The island chain which contains the unstable closed orbit moves to smaller 
angles, while the island chain which contains the stable closed orbit moves very quickly 
to larger angles and merges with the perpendicular orbit at e= -0.3163, where it is 
annihilated. This annihilation was shown in Ref[10] to be a 4-island bifurcation occuring
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at the 4:1 resonance point of the perpendicular orbit. Thus the stable orbit is destroyed 
while the unstable orbit persists as the scaled energy is increased.
In the present experiment, neither the stable or unstable branch of Pac-man is directly 
visible. The actions of the first closure of the Pac-man orbits are almost exactly equal 
to twice the action of the perpendicular orbit, so their associated peaks are masked. What 
is visible is the focusing effect connected with the 4:1 resonance of the perpendicular 
orbit which was shown in Figs. 3.13 and 3.14.
The peak from the unstable Pac-man, as well as having a small amplitude, is 
supressed by the shape of the initial outgoing waves in the vicinity of the nucleus. The 
experiment began with the atoms prepared in the 2pz state and the outgoing wave is then 
approximately a d-wave with a node around 54.7° (there is a small s-wave contribution). 
As the orbit moves away from the perpendicular orbit, it moves into the node of the d- 
wave. The semiclassical amplitude A"k is appreciable, but the recurrence strength is 
minuscule. The peak from this orbit might be seen directly in an experiment in which 
the atom is excited from an s to a p2 outgoing state as in the MIT experiments on Li20. 
In this case, the perpendicular orbit will produce no peaks since the p-wave has a node 
in the x-y plane. Orbits bifurcating from the Rn orbit would have non-zero amplitudes 
and should be plainly visible. We show a calculation of the recurrence spectrum at e = - 
0.30 using the 3s state as our initial state in Fig. 3.19b.
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2. HIGHER ORDER RESONANCES
We have examined other bifurcations of the perpendicular orbit to see whether they 
produce any visible effects.
As can be seen from Table 3, several resonances of the perpendicular orbit occur over 
the scaled-energy range of the experiment, and with each resonance is associated the 
creation and destruction of orbits closed at the nucleus. The effects of the 6:1 resonance 
shown in Fig. 3.17 is visible, but again the effect of the newly created orbits, Fig. 3.20, 
is masked by the much larger contribution of the third return of the perpendicular orbit 
and the node in the initial outgoing d-wave. We show the calculated spectrum from an 
initial 3s state in Fig. 3.19a. In this case the peak near S = 3.1 is due to the new orbits 
alone. Also we see a new peak near S = 3.45 which was suppressed by the d-wave node 
(compare this to figure 3.2 where this peak was only a dot).
The details of the bifurcations which create the new orbits in the 6:1 resonance are 
similar to the sequence of bifurcations which occur for the 4:1 resonance which creates 
the Pac-man orbits. There is an associated saddle-node bifurcation which creates a pair 
of island chains which contain the stable-unstable pair of closed orbits. This time 
however it is the island chain containing the unstable closed orbit which is annihilated by 
merger with the perpendicular orbit and the island chain containing the stable closed orbit 
moves away from the perpendicular orbit. Thus here the unstable orbit is destroyed and
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the stable orbit persists. This stable orbit undergoes a period doubling bifurcation at e 
= -0.1963 and becomes unstable in the process. The effects of the period doubling and 
the new orbits are not visible in the experiment.
The 8:1 resonance follows the same pattern and is visible on the fourth closure of the 
perpendicular orbit, see Fig. 3.21 (and also Fig. 3.9). Two new orbits are created by a 
saddle-node bifurcation near s = -0.18805 and the island containing the stable orbit 
merges with the perpendicular orbit at e = -0.173. The unstable orbit persists to higher 
scaled-energies. We show the trace diagram for these orbits in Fig. 3.22 and the orbits 
themselves in Fig. 3.23. The resonance is relatively narrow and the experimental data 
coarsely bracket the resonance energy. The agreement between theory and experiment 
is reasonably good.
No other resonances of the perpendicular orbit fall into the energy and action range 
of the experimental data.
Let us summarize our conclusions about bifurcations of the perpendicular orbit. As 
explained earlier, a bifurcation occurs when there is an n:m resonance between the period 
of an orbit and the period of stable oscillations transverse to the orbit. This resonance 
produces a focusing effect so that there is a strong recurrence on the n’th return of the 
orbit, and it produces an additional recurrence associated with the newly created orbit. 
In this experiment, the focusing associated with the perpendicular orbit are plainly visible,
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but the new orbits are not. The resonances of the perpendicular orbit produce the visible 
effects in the spectra. If the initial quantum state were changed to an s-state, then the 
focusing effects would be suppressed and the new orbits should become visible.
An new experiment conducted at Vrije Universiteit Amsterdam has allowed us to
examine this effect at e = -0.70. This experiment on He starts from the 2s state and
clearly shows orbits which bifurcate from the perpendicular orbit. The phase space is
/>
almost completely regular at this scaled-energy. The first large peak at S=4.73 is from 
the 10:1 bifurcated orbit, the second, slightly smaller peak, from the 12:1 bifurcated orbit, 
etc. The repetitions of these orbits are also clearly visible and decay in amplitude as 
predicted. The resolution of the experiment and the high accuracy of the laser scans
A
allow detailed comparisons of theory and experiment up to S = 20, Fig. 3.24.
3.4 THE PARALLEL ORBIT
The orbit parallel to the direction of the magnetic field has special importance. 
Although it is only barely visible itself in the experiments, the largest "mountain ranges" 
in Fig. 3.1 come from the orbits that bifurcate from it, and the large action edges of the 
mountain ranges represent the action vs. energy of the parallel orbit. In Ref.[9], the 
parallel orbit was called V„ and its repetitions were labelled Vn.
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A. STABILITY, INSTABILITY, AND BIFURCATION SEQUENCES 
OF THE PARALLEL ORBIT
The parallel orbit is initially stable at low energies and the trace of its Jacobian matrix 
is just above -2. The behavior of this trace as a function of e is shown in figure 3.25a: 
it has growing oscillations as e increases towards zero.
This determines the sequence of events. At a low energy (off the diagram) is a 
symmetric-period-tripling as the trace increases through -1. Just above e = -0.5 is a 4- 
island-chain bifurcation, then a 6-island-chain, then a pitchfork where it goes unstable; 
the orbit returns to stability, then as the trace decreases there is a 6-island-chain, 4-island- 
chain, doubIed-3-island-chain and then a period-doubling where it goes unstable again. 
Then when it returns to stability the whole sequence is repeated.
The stability of the orbit is not visible directly in the experiment, but the associated 
pitchforks, period-doublings, and other bifurcations produce the peaks that are the most 
prominent in the experiment.
B. RECURRENCE AMPLITUDES FOR THE PARALLEL ORBIT
The recurrence amplitudes of the parallel orbit, C0n, are described by a different
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formula than other trajectories. The formula in our Eq.(16) which applies to other 
trajectories, gives a zero amplitude to the parallel orbit. This is incorrect since the 
stationary phase approximation used in Eq.(4.23a) of Ref.[3] is not applicable. The 
parallel orbit can be clearly seen in experiments on parallel electric and magnetic fields 
as well as the purely electric field case, so a better formula was needed. A more careful 
treatment of the returning wave in the vicinity of the z-axis gives a non-zero amplitude, 
as shown in Ref.[12] and Ref[15]. The results are given in our Eqs.(16), (17), (20) and 
(22).
Generally the recurrence amplitude for this orbit, (2jr/b)1/2 D0"(£), is small. However, 
if we look at the experimental power spectrum at e = -0.45, (Fig. 3.26), we can clearly
A
see the V, orbit as an isolated peak at S = 1.05. Also its third repetition shows up rather
A
strongly at S = 3.1 (in the new experiment from Vrije Universiteit Amsterdam the parallel 
orbit is also visible in isolation for the first few returns, especially as the large peak in
A .
Fig. 3.24 at S=4.23 on the fifth closure of the orbit). Elsewhere in these experiments V2 
is hidden at the edge of the "main sequence" of orbits that bifurcate from it. In Fig. 3.27 
we show the unsmoothed recurrence strengths as needle graphs at three different scaled 
energies, illustrating how Vn is usually hidden beside larger peaks. Even so, it is not 
completely invisible, since it combines coherently with nearby peaks. We will discuss 
the consequences of this later.
Figure 3.28 shows the recurrence amplitude vs scaled-energy for the first three
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repetitions of the parallel orbit. The picture is similar to Fig. 3.16, showing singularities 
in the recurrence amplitude at resonance points where bifurcations occur. However, in 
this case, the bifurcations are much richer.
C. MASLOV INDICES
The Maslov index of V„ is also exceptional. For all other orbits we get the Maslov 
inex by counting: /xkn= lx ( the number of times an orbit is crossed by its neighbor) + the 
number of endpoints on the orbit + the number of times the orbit intersects the z-axis + 
2 (n -l), where n is the number of returns to the nucleus. However, for Vn: a) each return 
to the nucleus adds only 1 to the Maslov index, not 2; b) each time Vn is crossed by a 
neighbor the Maslov index increases by 2 — one, because it is a neighbor crossing — one 
again, since the neighbor is crossing the z-axis. Therefore we have fig" = 2x(number of 
times the orbit is crossed by its neighbors) + n for the endpoints at large z + (n-1) for the 
number of returns to the nucleus.
Another way to see the double counting of the passages through the zero-degree orbit 
is to solve the exact equations of motion (not the linearized equations) in the 
neighborhood of the parallel orbit. The trajectory field is shown in Fig. 3.29. For the 
most distant neighbors the passage through the caustic and the passage through the z-axis 
are distinct events, each of which contributes 1 to the Maslov index. For the close
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neighbors, and especially in the linear approximation, the caustic and the crossing of the 
z-axis coincide. If the parallel orbit and its neighbors constitute a single Lagrangian 
mainfold14b, then each regular domain of the manifold has a unique Maslov index. The 
phase of the semiclassical wavefunction in each domain is well defined; the phase of the 
parallel orbit is the limit of the phase of its neighbors. Therefore we add 2 for each 
crossing of the parallel orbit by its neighbors.
In ref[13], we examined the motion of orbits in the neighborhood of a periodic orbit 
by linearizing the equations of motion. We defined cr(t) as the distance between the 
periodic orbit and its neighbor, and p0(t) as the conjugate momentum. We showed that 
if the periodic orbit is stable, then the motion of the phase point (p0(t), cr(t)) can be 
reduced to a circle map. Every time cr(t) passes through zero, the neighbors cross the 
periodic orbit and the Maslov index increases. We also defined the angle cq"(T), which 
measures the total angular increase of the phase point (pa(t), a(t)) at the first return of the 
orbit to the nucleus.
The number of times the parallel orbit is crossed by neighbors is measured by a 
winding rate cq^s). We define the angle a *  s  cq(T) mod n. It is related to the winding 
angle cq given in Eq.(65) as
a , =
a , J 12> 0  (6g)
jt-a ,
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For the parallel orbit, this winding angle a *  is a piecewise smooth function of energy 
-  it is smooth and monotonically increasing with energy when the orbit is stable, and 
undefined when the orbit is unstable. At the boundary points where Vj changes from 
stable to unstable, a /  is either zero or jt, and da/Ale is infinite. We show its behavior 
and the stability exponent in Fig. 3.25b. A comparision to Fig. 3.28 is instructive. The 
Maslov index for repetitions of the parallel orbit is given in terms of a /  by the formula
%
In contrast, the formula for most other orbits20 is
it
Note the different position of the factor of two.
The above formula for the Maslov index of the parallel orbit can be tested against 
experiments at s = -0.45. As we see from Fig. 3.27, the returns of the parallel orbit are 
relatively large and combine with the few orbits which have already bifurcated from Vn 
at this low energy. We have excellent agreement with experiment in Fig. 3.26. In 
contrast, before we discovered Eq. 69 we used the incorrect formula (derived on the 
assumption that the z-axis crossing only counted once)
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f^=n/u\+Inl[ L ] + ( / i - l )  [iIncorrect] &1)
n
The result was poor agreement with experiment, see the dotted line in figure 3.26. In this 
case changing the Maslov indices of a single orbit affects the entire spectrum. In this
A
example, the peak at S = 2.1 consists of the second repetition of the parallel orbit together 
with the orbit called E^B, (discussed later). The latter has a Maslov index of 7, while the 
parallel orbit has a Maslov index of 9. The incorrect formula gave a Maslov index of 6 
for the parallel orbit, and this gave a combined peak that is clearly incompatible with the 
measurements. In this case the experiments do not measure Maslov indices directly, but 
they tell us if we got them wrong.
Table 4 gives the Maslov indices for the parallel orbit as a function of n and e for the 
first two scaled-energy ranges over which it is stable. A consequence of the relationship 
between bifurcations and focusing points is that the Maslov index changes at each 
bifurcation. In every case we find that the Maslov index of the daughter orbit in an m- 
bifiircation is equal to the Maslov index of the m’th repetition of the parent orbit just 
before the bifurcation.
D. BIFURCATIONS FROM THE PARALLEL ORBIT 
The most prominent features in the experimental spectrum are the fundamental,
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secondary, and tertiary sequences which bifurcate from V,, V2, and V3. These form the 
three large mountain ranges of peaks in Figs. 3.1 and 3.2. Let us look at these sequences 
separately.
1. THE FUNDAMENTAL, OR MAIN SEQUENCE
The fundamental sequence is created at the series of 1:1 and 2:1 resonances where 
the Vn orbit undergoes transitions from stability to instability10,26. (This is in contrast to 
the behavior of R„ which undergoes a 1:1 resonance only once and the orbits created there 
do not close at the ongm10.)
The first of these bifurcations occurs at e = -0.3913 and it creates the B! orbit ( here 
the subscript 1 is part of the name of the orbit, not the label of a repetition), which we 
call the "balloon". This is a "pitchfork" bifurcation, in which the parallel orbit goes from 
stable to unstable and two new stable orbits are produced (the balloon and its reflection 
though the z - axis). At this point the Maslov index of V! increases from 3 to 5, and the 
Maslov index of the balloon is 3 (consistent with the general observation mentioned 
above).
A
At e= -0.30 the experimental measurements show an isolated peak at S = 1.3, which 
is the position of the orbit, Fig. 3.1.
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TABLE 4
repetitionenergy | (1) (2) (3) (4) (5)
-0.270 7 15 23 31 39-0.272 5 13 21 29 37
-0.277 5 13 21 29 35-0.280 5 13 21 27 35
-0.285 5 13 19 27 35-0.290 5 13 19 27 33
-0.300 5 11 19 25 33
-0.305 5 11 19 25 31-0.310 5 11 17 25 31-0.315 5 11 17 23 31
-0.320 5 11 17 23 29
-0.39 5 11 17 23 29
-0.40 3 9 15 £1 27-0.41 3 9 15 21 25
-0.43 3 9 15 19 25
-0.44 3 9 13 19 25
-0.46 3 9 13 19 23-0.49 3 7 13 17 23-0.53 3 7 13 17 21
-0.58 3 7 11 17 21
-0.63 3 7 11 15 21-0.69 3 7 11 15 19
Maslov indices at various scaled energies, the Parallel orbit. At the critical energies where neighbors of the parallel orbit are focused on the origin on the n’th return, the Maslov index for that return changes by 2. As we increase the scaled- 
energy towards e= 0.0 this pattern of Maslov index changes is repeated for each 
range of scaled-energy for which the parallel orbit is stable.
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As discussed earlier, the parallel orbit goes stable again near e = -0.32. At this point 
two new unstable orbits are produced, but they do not touch the nucleus, so they are not 
visible in this experiment.
The next orbit in the fundamental sequence is created at the 2:1 resonance, which is 
the second transition from stability to instability, at e= -0.27099. We classify it as a 
period-doubling, where again the parallel orbit goes from stable to unstable but now a 
single orbit of twice the period is created (see appendix D). It is a "snake" orbit, denoted 
Sl9 which retraces its original path to close at the same initial angle as it started. It also 
is initially stable, and its initial Maslov index is 5. At this bifurcation point the Maslov 
index of V! changes from 5 to 7.
The action of Sj is very close to that of Bt and it is not until e= -0.25 in the 
experiment that it is clearly visible as a separate peak near scaled-action S= 1.4.
At each scaled-energy at which a 1:1 or 2:1 resonance for Vn occurs, another 
"balloon" or "snake" orbit is born in alternating order: Bl5 Sj, B2, S2, B3, ... (these were 
denoted I„ I2, I3, I4, ... respectively in Ref.[26]). The Maslov index of the Vj orbit 
increases by two upon passage through each resonance. At the limit of e-> -°o and below 
e =  -0.3913 the Maslov index for V, is 3, so the Maslov index goes as 3,5,7,9... as the 
scaled-energy increases towards zero. The Maslov index of each newly created orbit
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equals the Maslov index of the parallel orbit as it was just below the bifurcation point.
As e increases towards zero, there is an infinite number of balloon and snake orbits. 
We show the first five of these in Fig. 3.30a. Each succeeding member of this sequence 
has longer period than the previous member by approximately one cyclotron period. The 
main sequence then has simple regularities which have been discussed in Ref.[27]. It can 
be treated as an almost-separable partition of motion into z-oscillations and modified 
cyclotron-oscillations (which are however coupled in the vicinity of the nucleus).
The relationship between the periods and the scaled-actions for orbits in the main 
sequence is worth noting. Successive members of the main sequence stretch farther and 
farther out the z axis, so their periods become very long, especially as e increases towards 
zero. However their actions do not increase so rapidly, so many of them remain well
A
within the range discussed in this paper ( S £ 5 ). For the parallel orbit we can easily 
show that the periods increase as e'3/2, while the actions increase as z m as the scaled- 
energy approaches zero from below. Since the main sequence orbits are born from the 
parallel orbit, the ratio of period to action for each new orbits grows like where ebif 
is the scaled-energy at the bifurcation point. The effect of the laser bandwidth however, 
is to reduce the amplitudes of the peaks associated with long period orbits (Appendix B). 
Thus, there are only a finite number of orbits in the main sequence which need to be 
included in the closed-orbit sum, even at e  =  0  where there are an infinite number of 
such orbits.
R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .
80
Figure 3.31 shows the main sequence as seen in the theory and experiment.
The trace of the Jacobian matrix of the balloon and snake orbits determines their 
bifurcation properties. Figures 3.32 and 3.33 show the trace evaluated at a map period 
for Bt and S! respectively. For the balloon orbits the first closure time is a map period, 
while for the snake orbits the second closure time is a map period. Each balloon member 
of the main sequence, and likewise each snake member, bifurcates in the same way as 
these two simplest main sequence orbits. Thus, these two orbits will serve as case studies 
in the following discussions. We show the energy behavior of the Maslov indices for 
these orbits in tables 5 and 6.
2. THE SECONDARY SEQUENCE
The second mountain range is produced by three sets of orbits.
a) Orbits which bifurcate from the second return of the parallel orbit.
Figure 3.30b shows a family of orbits which oscillate up the z-axis, come back down 
but miss the nucleus and propagate up and down again before returning to the atom. 
Referring again to the trace diagram, Fig. 3.25a, one of the orbits of Fig. 3.30b is created 
each time the trace of the Jacobian matrix of the parallel orbit passes through zero. In
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TABLE 5
energy | (1)
repetition
(2) (3) (4) (5)
-0.300 3 8 13 18 23-0.305 3 8 13 18 24
-0.310 3 8 13 19 24-0.320 3 8 14 19 24
-0.330 3 8 14 19 25
-0.350 3 9 14 20 25
-0.360 3 9 14 20 26
-0.370 3 9 15 20 26
-0.380 3 9 15 21 26
-0.390 3 9 15 21 27
Maslov index at various scaled-energies, the Borbit. At the critical energies 
where the neighbors of the B, orbit are focused on the n’th return, the Maslov 
index for that return changes by 1. The Bt orbit is born from the first 1:1 
resonance of the parallel orbit at scaled-energy e= -0.3913. The initial Maslov indices of the B, orbit match those of the parallel orbit prior to this resonance (see 
Table 3).
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TABLE 6
energy | (1)
repetition
(2) (3) (4) (5)
-0.245 5 12 19 26 33-0.246 5 12 19 26 34
-0.248 5 12 19 27 34-0.251 5 12 20 27 34
-0.254 5 12 20 27 35
-0.258 5 13 20 28 35
-0.262 5 13 20 28 36
-0.265 5 13 21 28 36
-0.268 5 13 21 29 36-0.269 5 13 21 29 37
Maslov indices at various energies, S, orbit. At the critical energies where the 
neighbors of the St orbit are focused on the n’th return, the Maslov index for that 
return changes by 1. The St orbit is born from the 2:1 resonance of the parallel orbit at scaled-energy e= -0.27099. The initial Maslov indices match those of the 
parallel orbit prior to this bifurcation which create the St orbit (see Table 3). Above 
s= -0.2450 the St orbit is unstable and no longer bifurcates.
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the Hamiltonian bifurcation theory discussed in Ref.[10], we classify these as 4:1 
bifurcations of the Poincare half-map. We see that each of the orbits is symmetric on 
reflection through the z-axis, each is stable when created, and none of them have 
endpoints (points where the speed is zero).
The first of these bifurcations occurs at e = -0.4864 and creates the E^B, orbit or V.*1. 
It is visible in the experimental measurement, though not in isolation, at s = -0.45. We 
have previously seen in the discussion of Maslov indices of Vn that it combines 
coherently with V2 to give the peak at S = 2.2. Following the general pattern, its Maslov 
index is 7 on first closure and the Maslov index of the parallel orbit changes from 7 to 
9 on its creation.
The next bifurcation in this sequence, at e = -0.2946, creates the orbit or V23. 
Its Maslov index is 11 on first closure and the Maslov index of the parallel orbit changes 
from 11 to 13 on its creation.
Each 4:1 resonance gives one new stable orbit of this type. The sequence could be 
described as B ^ ,,  S ^ ,  B2B2, S2S2, B3B3, ... , and the Maslov indices are 7, 11, 15, 19, 
23, ... . These orbits do not create new closed orbits when they become unstable.
b) Repetitions of Main Sequence orbits and their progeny
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The second return of orbits in the main sequence has twice the action of the first 
return and these recurrences contribute to the second mountain range. Furthermore when 
the main sequence orbits are stable, they also bifurcate, producing still more orbits that 
contribute to this mountain range. The balloon orbits bifurcate on this return when their 
trace passes through zero. The snake orbits bifurcate as their trace touches -2. The net 
result is that each main sequence orbit bifurcates and creates new closed orbits once on 
the second return. The Maslov indices of the second return of the snake and balloon 
orbits decrease by one at these points.
Orbits that bifurcate from Bj, S„ B2, and S2 are shown in Fig. 3.30c. Let us give them 
the generic name "tornadoes" for future convenience. They are visible in the experiments 
in the following sense: if they are not included, the calculated peaks do not agree with 
experiments.
The new orbits are unstable when they are created and remain unstable as the scaled 
energy is increased so they do not bifurcate further. Their actions are greater than the 
parent orbit’s action and this action difference grows slowly as the energy is increased.
The 4:1 bifurcation of the B! orbit occurs at e = -0.3425. The new orbits have a 
Maslov index of 9, and the Maslov index of the balloon changes from 9 to 8. We see 
these new orbits in combination with that second return of B, in the measurements at e 
= -0.30. At this energy, only the V2 orbit, the second return of B„ and the new "tornado"
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A
orbits exist in the second sequence and their coherent sum produces the peak at S = 2.53. 
Though these orbits are not resolved, if we remove the tornado orbits from the sum over 
orbits, then the peak at S = 2.53 vanishes because of destructive interference between 
and V2 at this energy. We show this effect in Fig. 3.34.
The next main sequence orbit to bifurcate is Sj. The new orbits are created near e 
= -0.256 with a Maslov index of 13. The Maslov index of Sj changes from 13 to 12. 
If we examine the peak in the recurrence strength at S = 2.82, we see that it consists of 
the V2 orb it, the St orbit, and the tornado orbit bifurcated from S,. The B, orbit and its
A ^
tornado orbits are located at S = 2.6 and are mostly resolved from the main peak at S = 
2.8. Once again the argument is indirect, but if we remove the tornado orbits from the 
closed orbit sum, the peak at 2.8 is greatly diminished, ruining the agreement with 
experiment. This is not due to interference with V2 since that orbit has only a negligible 
recurrence strength this energy. It is simply that the new tornado orbits have substantial 
recurrence strengths which combine with the recurrence of S, to create the observed peak. 
We show this in figure 3.35.
c) Exotics embedded in the Secondary Sequence.
As mentioned earlier, some of the saddle-node bifurcations produce "exotic" orbits 
which themselves fall into orderly sequences. We show two such sequences in Fig. 3.36.
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It is apparent that these orbits are intimately connected to orbits of the main sequence and 
that their actions must lie within the second mountain range. Their creation points must 
have an orderly relationship with the locations of other bifurcations.
If we remove the contributions from the returns of the main sequence and their 
bifurcations, the bifurcation patterns in the second sequence are easier to see. This is 
presented in figure 42. The almost linear tracks in the (S,e) plane are the 4:1 bifurcations 
directly from V2. The narrow v’s opening upward are the exotic orbits. These appear as 
v’s because the two branches of these orbits each contribute a peak in the spectrum and 
these peaks slowly separate in action as the energy increases.
Am
At e  = -0.20 and S = 2.94 we see the first appearence of the X2 exotic orbit. This 
orbit is seen in the experimental measurements at this energy, Fig. 3.37. The number of 
crossings of the positive z-axis and the number of crossings of the negative z-axis for this 
orbit is 4 and 1 respectively. In (u,v) space these define the winding numbers wu and wv 
(we do not including the origin in this counting of the crossing of u and v). Let us write 
4/1 for the winding number ratio of X2. We observe that the X2 orbit has the same 
winding numbers as the V23 orbit ( S ^  in our descriptive notation). It is also observed 
that it comes into existence just to the left of the orbit and its scaled action is always 
less then this orbit.
As we increase the energy we see new exotic orbits with winding numbers 5/1, 6/1,
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7/1, 8/1,... which form sequences like those we have described for the X, exotic orbit, 
but now these sequences begin from the X2 orbit. These are the orbits shown in Fig. 
3.36a.
The next step in this argument comes from the observation that at s = -0.18 we again 
see the creation of an unnamed exotic with winding numbers, as defined above, 6/1. This 
exotic orbit has the same winding numbers as the V2S orbit (B2B2 in our notation). It 
comes into existence just to the left of the B2B2 orbit and its scaled action is always less 
than this orbit. Now as we increase the energy we see new exotic orbits with winding 
numbers 7/1, 8/1, 9/1, ... which now are sequences which begin with the 6/1 exotic. 
These are the orbits shown in Fig. 3.36b.
We have a consistent pattern in the appearence of new exotic orbits in the second 
mountain range: there is a "principal" exotic orbit which is created "out of nowhere" and 
this orbit is the start of a new sequence of exotic orbits. This pattern continues with the 
creation of an 8/1 exotic, a 10/1 exotic, a 12/1 exotic, etc. Each of these "principal" 
exotic orbits is created just to the left in the (S,e) plane of the orbits bom from the 4:1 
bifurcation of the parallel orbit. Each of these exotic orbits has the same winding 
numbers as the 4:1 orbit and these exotics have sequences of exotics that are related to 
them by an integer increase in the number of crossing of the positive z-axis.
These exotics can be thought of, as can be seen by comparing Fig. 3.30a and Figs.
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3.36 as being made up of combinations of two main sequence orbits. Thus these exotics 
seem to belong naturally in the discussion of the second sequence.
The creation of orderly sequences of exotic orbits is not described by local bifurcation 
theory. A global theory of the bifurcations of this system does not exist to our 
knowledge.
3. THE TERTIARY SEQUENCE
Similarly, at least three families of orbits contribute to the third mountain range.
a) Orbits which bifurcate from the third return of the parallel orbit.
First we consider the bifurcations directly from V3. Two of these orbits are created 
for each range of energy that the parallel orbit is stable, when the trace of the parallel 
orbit passes through 1 and -1, and = ji/3, 2ji/3 respectively. These two cases are 
classified as 6-island-chain bifurcations and symmetric-period-tripling bifurcations10. We 
show these orbits for the first four stability regions of the parallel orbit in Fig. 3.30d. 
They are symmetric with respect to the z-axis and stable at their point of creation.
The first pair of these bifurcations occurs in the lowest energy range of stability.
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Near s = -0.5671 we have the 3:1 bifurcation creating a new stable orbit. This is the 
symmetric period tripling since Tr = -1. We see this orbit in combination with the third 
return of the parallel orbit in the measurements at e = -0.45, (Figs. 3.26 and 3.27). The
A
two combine coherently to produce the large peak at S = 3.126.
The second bifurcation in this set occurs at e  = -0.436158; it is a 6-island-chain 
bifurcation since Tr = 1. As e  continues to increase, the trace for the parallel orbit passes 
through its first maximum and starts decreasing, so a second 6:1 bifurcation occurs at e 
= -0.30782. Recurrences associated with these orbits are masked by other large peaks.
However the subsequent 3:1 bifurcation at e = -0.28308 creates a stable orbit which
A
can be seen in the experimental measurements, as a shoulder on the peak at S = 4.0. 
Figure 3.39 shows the theoretical spectrum calculated with and without the peak 
contributed by this orbit and compares both with the experiment. The agreement is quite 
good with the peak included.
b) Repetitions of Main Sequence Orbits and their progeny.
The second part of the tertiary sequence are the third returns of the main sequence 
orbits. Ir addition, orbits which are created as period-3 or period-6 bifurcations from the 
main sequence contribute recurrences in this region.
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The balloon undergoes a 6:1 bifurcation near e = -0.3663 where its trace equals one. 
This is a generic six-island-chain bifurcation which creates two new unstable orbits. The 
next bifurcation of Bj occurs near s = -0.3161 when the trace is -1. This is a generic 3- 
touch-and-go bifurcation with interesting properties. Just below the 3:1 resonance point, 
a saddle-node bifurcation in the 3-map creates a stable and unstable pair of closed orbits. 
As e  increases, three unstable x-points pass through the o-point of the balloon, and then
A
move away. The new orbits contribute to the peak at S = 3.78, e = -0.30 (Fig. 3.13). 
Also, the new closed unstable orbit is later visible as the dominant contributor to the peak 
at S = 3.98 at a much higher energy e = -0.26. We show the trajectory in figure 3.40. 
This orbit returns to stability and bifurcates in this energy range which accounts for the 
large recurrence strength. This is a case where the return to stability of an unstable 
branch of an orbit created by a saddle-node bifurcation has a visible effect. We have seen 
earlier in the discussion of the Xs exotic the effect of the originally stable branch 
returning to stability.
Our calculations indicate that similar bifurcations occur on the third repetition of each 
balloon orbit in the main sequence.
Bifurcations of the snake orbits of the main sequence follow a different pattern. We 
saw in Fig. 3.33 that the trace for the first snake does not pass through -2, but just 
touches that value and turns around again. This is one symptom of a non-generic 
behavior that is induced by the symmetries.
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The St orbit has two bifurcations on the third return, both of them being 3:1 
bifurcations, where the trace passes through -1.
The first of these occurs at e  = -0.2642, and is a new type of symmetric three-island- 
chain bifurcation, modified by time-reversal symmetry (Appendix E). There are actually 
two interleaved three-island-chains, giving the appearence of a single six-island-chain. 
The second bifurcation occurs at e = -0.25056 and it is a generic three-bifurcation having 
the same touch-and-go structure we have discussed above for the Bj orbit. Figure 3.41 
shows the Poincare surface-of-section, and figure 3.42 shows the theoretical and measured 
recurrence strengths resulting from these bifurcations. There is also a return to stability 
for the unstable orbit at higher values of the scaled energy.
Our calculations indicate that all snake orbits in the main sequence also display these 
two bifurcations on their third repetition.
c) Exotic Orbits in the Tertiary Sequence.
As in the second mountain range, exotic orbits contribute to some of the observed 
peaks in the third mountain range (Fig. 3.43). Again some of these exotic orbits fall into 
orderly patterns, comparable to the patterns suggested by Figs. 3.36 and Fig. 3.37.
A
We once again look at the (S,e) plane with the repetitions of the main sequence
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removed to make the bifurcation patterns in the tertiary sequence easier to see. This is 
presented in figure 3.43. The almost linear tracks are the 6:1 and 3:1 bifurcations directly 
from V3. Again the narrow v’s opening upward are the exotic orbits. We observe now 
that there are at least two "principal" exotics that are created for each energy range that 
the parallel orbit passes through stability.
The first 3:1 bifurcation and the first 6:1 bifurcations of the parallel orbit described 
above create two new orbits with winding numbers 3/2 and 4/2 respectively. As the
A
scaled-energy is increased we see a new exotic created at e= -0.22 and S = 3.40 with the 
winding numbers 3/2. We also see a new exotic created at e = -0.27 and S = 3.83 with 
the winding numbers 4/2. Both these orbits come into existence to the left of the orbits 
bifurcated from V3 and their scaled action is always less than these orbits.
The second 6:1 and second 3:1 bifucations of the parallel orbit create two new orbits 
with winding numbers 6/2 and 7/2 respectively. Again, as we increase the scaled-energy,
A  A
we observe at e = -0.23 and S = 4.22 and also at e  = -0.24 and S = 4.28 new exotic orbits 
created with winding numbers 6/2 and 7/2 respectively.
A
The 7/2 exotic orbit is readily apparent in Fig. 3.42 as the large needle near S= 4.28. 
The peak due to this orbit is seen in superposition with the peaks from the 3:1 bifurcation 
of the St orbit at this energy.
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This regular pattern in the appearence of new exotic orbits is also seen for the third 
and higher sets of 3:1 and 6:1 bifurcations from the parallel orbit.
The existence of sequences arising from these orbits, however, is not as simple to 
show as it was for the second mountain range. The regularities in the appearences of new 
exotic orbits are still there but the third mountain range is more complicated than the 
second. As mentioned earlier, at present we have no global theory describing orderly 
sequences of saddle-node bifurcations and their associated exotic orbits.
F. HIGHER ORDER BIFURCATIONS
At this point we will not discuss the bifurcations of the repetitions of the parallel orbit 
past n=3 since they are not visible in these experiments. The new measurements 
conducted at Vrije Universteit Amsterdam are the first scaled-variable experiments which 
go to higher repetitions than the Bielefeld experiments to our knowledge.
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CHAPTER 4 
CONCLUSIONS AND AFTER VIEW
We have shown that this first scaled-variable measurement of the absorption spectrum 
of hydrogen in a magnetic field gives a rich structure of recurrences. These recurrences 
proliferate with increasing scaled-energy, consistent with the transition from orderly to 
chaotic classical motion of the electron.
Bifurcation theory of Hamiltonian systems gives a complete "local" description. It 
tells us that typical bifurcations fall into five types and that symmetries modify these 
structures. A certain parameter associated with a periodic orbit of a map ( the trace of 
the Jacobian matrix as a function of energy) tells what bifurcations will occur, and in 
what order.
Closed orbit theory predicts the strength of recurrences. We have excellent qualitative 
and quantitative agreement with experimental measurements, except near focal points 
where the semiclassical approximation to the amplitudes diverges.
There is a close similarity between optical theory and semiclassical theory -  the
92
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classical trajectories are an analogous to geometric light rays. In the short-wavelength 
limit of optics the dominant contributions come from a few ’classical’ paths with appear 
as stationary phase points in integrals over an infinite number of possible paths. 
Geometric optics and semiclassical approximations both fail when these stationary phase 
points coelesce. Methods in optics and semiclassical scattering theory have been 
developed23'28 to handle the ’catastrophes’14'1’29 that ensue when two or more classical 
trajectories become degenerate in the phase space. These methods can be extended to 
cover the failure of the primitive semiclassical approximation used in this thesis.
Two particular types of catastrophes are particularly simple and can be studied in the 
diamagnetic hydrogen problem, folds and cusps, corresponding to the merger of two and 
three trajectories respectively. The saddle-node bifurcations are due to a fold catastrophe, 
while the pitchfork and period doublings of the parallel orbit are due to a cusp 
catastrophe. The singularities encountered in our calculations and shown in figures 3.5 
and 3.28 for example can be removed by uniform approximations adapted to the 
underlying fold or cusp structure. Comparision between a uniform approximation and 
measurements in the vicinity of these bifurcations would be quite interesting.
More complicated catastrophes also occur in this system and may also be 
experimentally studied. The simultaneous merger of four or more classical trajectories 
may be handled by approximations that preserve the underlying topology of the
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catastrophes, a complete listing of the generic catastrophes is given in Arnold140. As 
examples of such cases we could point to the resonances of the perpendicular orbit, where 
entire island-chains of stable and unstable fixed points merge with the perpendicular orbit 
at the critical energies. The width of the resonant island chains becomes very narrow for 
tori associated with very long periodic orbits on the map however. The size of h and the 
uncertainty principle between p and q on the surface of section comes into play in 
smoothing over the semiclassical infinities.
A theory dealing with the generic singularities in a consistent way has recently been 
developed30. A method similar to this is being developed for the diamagnetic Kepler 
problem and will be examined further in future studies.
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APPENDIX A. FOURIER AMPLITUDE FOR THE PARALLEL ORBIT
Let us start from Eq.(43) and look at the integral for the parallel orbit, k=0,
/ o = g0(2jt)1/2D0<?( ^  -L [w~me^3's~S)wdw A(l)
n 2l J
Separating the term of interest
K ^ j w ^ d w  A(2)
wi
x=i(S0n-S)=ixQ"
Now, doing the integral by parts gives
W; me^  -  w ; 1/2e w ' w;me ^  -  w ,’ 3/2e JtH’, *
k =— _______ !______+ _ ------------!--------- + ...
x 2x2
which can be rewritten using the definitions
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W . + W .  W - w .
w = _ __ - + —:— l =b+a
2 2 2
+W> W .-JV .
w. = _ __ - -  — — i s b - a1 o
as
K  =_ (fc+a)'1/2e ^  -
x
+ (£>+a)"3/2e**fc+0)~(b-a)~3,2ex^ ’~a^ + 
2 ?
96
A(4)
A(5)
The constants b and a are the average of w and the half range in w respectively and have 
the approximate value in this experiment of
b* 245.8 a(6)
a s  32.0
corresponding to B .^ 6 .0  and Bmin=2.7 Tesla. This gives the ratio a/b“0.13 so we 
approximate the integral in A(5) as
u - \ n „ b x
Kn=______ {(1 +a/b)'me ttX -  (1 -alb)~ll2e "“}
* A(7)U-7iHabx
+  _________{(l+a/by e^™ -(l-a/by^e'0*) +  .. .
2x2
and expand the coefficients of the exponentials as
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(l+a/byll2^ l - i l  
2 b
(l-a/b)-ll2~ l + ± l  
2 b
(l+a/b)-3l2~ l - l l  
2 b
(\-alb)-zr2» u l l  
2 b
which after collecting terms in powers of a/b gives for the integral Ko
K0= b'mf — (eax- e ' ax) -  —ab~3/2.f (el“ + e*‘“)
a: 2 x
1
+ _ 6 _3/2_ ( e ar-e " fl*) + ...
2 * 2
A(8)
A (9)
Now x=0 whenever S = S0", so the limit as x -> 0 must give a finite result. It is evident 
from Eq. A(9) that singularities in x cancel order by order in a/b, leaving only the first 
term in the series as the Fourier amplitude. If we truncate Eq. A(9) to the first term and 
insert into Eq. A (l) then we have the result
/0- - i _ E  A(10)
w2-wi - ix:
QED.
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APPENDIX B. DERIVATION OF THE CUTOFF FUNCTION
The uncertainty in phase of the sine functions in Eq.(15) is given by 60(w; e )  in 
Eq.(53). Thus, uncertainties in w and e  give a net uncertainty in O, so that the 
measurement actually samples a range in $  given by ±50. To estimate the effect of 
these uncertainties on the spectral oscillations let us define a bin averaged reduced 
oscillator-strength-density
<I)=TF+60
R (0(w;e))= _ L _  f 2?(0)<20 B(l)
260 J ..
0 =117-50
If we insert the expression for R(w; e) from Eq.(35) and assume the amplitude 
dependence can be taken out of the integral over the uncertainty range considered, we get
n  n/7R\
/?(0) = —t  f sin(0 -  —fik - — ) <20
250 J „  2 40=10-50 B(2)
=_5L [cos(0  - - n l - — -  60) -  cos(0 —  + 60)]
260 2 4 2 4 J
(the relevant expression for the k=0 orbit is exactly analogous to this one) which can be 
rewritten using trigonometric identities as
* (* )  sin(4> - j / i l  - ^ )  B(3)
Thus we have the original amplitude diminished by a sin(60)/60 "cutoff1 function which
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depends on the uncertainties in the laser energy and the magnetic field strength through 
63>(w; e).
If we define the upper bounds set by the uncertainty as the first zero of this cutoff 
function, then
sin(5<3>) =0 B(4)
6<I> =it
This condition, when 6<E> is expressed in terms of w and e,
60  =  w t 6e + 56w
gives the result Eq.(59) which we will restate here for clarity,
itT o ------
max wSe
S
max bw
6w=0 
6e  =  0
m
If we vary x and S smoothly then the cutoff is a smooth function which is unity at 
5d> =0 and zero when 6<3> = it. The effect of the cutoff function on the theoretical 
spectrum at e =  0.0 with the experimentally determined uncertainty in the laser energy is 
shown in Fig. Bl. The theoretical recurrence spectrum for e  = 0.0 is compared with the 
experiment in Fig. B2. Comparision of figures Bl and B2 is instructive. The relatively
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simple model of the cutoff improves the agreement with experiment.
Another effect which cuts off long orbits is collisions with atoms in the beam, long 
period orbits and those where the electron travels far from the nucleus would be the most 
affected. This effect has not been considered in these calculations.
APPENDIX C. SEMICLASSICAL AMPLITUDE FOR THE N’TH REPETITION
The semiclassical amplitude Aka for a closed orbit is related to the classical density 
given by the ratio of initial and final Jacobians evaluated when the closed orbit is on the 
bounding surface surrounding the nucleus
K (T )~ 7(0)
7(7)
1/2
C(1)
At T=0 the closed orbit has zero outgoing angular momentum p0 and the boundary radius 
r„ is chosen such that the external magnetic field can be neglected. In the limit as r„ is 
taken to zero
j ( o y r -*0 C(2)
The Jacobian returning at time T can be related to an element of the Jacobian matrix in
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scaled semiparabolic coordinates connecting the initial and final coordinates and momenta 
of the closed orbit evaluated on a surface of section. The choice of the surface of section 
and the corresponding Jacobian matrix is defined by Eq.(60) and Eq.(61) in the text. It 
is sufficient to note here that the surface of section and boundary radius above are 
equivalent in the limit of r0 going to zero.
It can be shown from Eq.(2.2) in Ref[13] that for our Hamiltonian
J(T) = —c o s A c o s A (  ) c <3>
r z z
where the y'1/3 converts the matrix element evaluated in scaled-variables into atomic units. 
The matrix element J12 has the properties under iteration
) ,sm
12 ^ ext)
f(1) si„h(«Pl) s^„(J-„)
“  sinh(p,) sgn(T‘)
with a x defined as the winding number on the surface of section, (3t defined as the 
stability exponent (both evaluated on the first closure), and T„ is the trace of the Jacobian 
matrix evaluated on the n’th closure of the closed orbit.
This result, Eq.C(4), depends on J(n) being simply J raised to the n’th power. This 
is true if the orbit is periodic on its first closure, pvi = pvf. The result can also be shown
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to hold if the magnitudes of the initial and final momenta are the same, |pvi| = |pvf|. Thus, 
these formulae hold for the perpendicular, parallel, snake and balloon orbits for example, 
but they do not hold for Xt or "Pac-man". The formulae for type-2 orbits are derived in 
Ref[13],
Let us put this all together then for both the stable and unstable cases. If stable we 
have,
— cos(—i)cos(_i)y '1/3 J
sin(a,)
- 1/4=r.
sin (/ia j)
1/2
s in ^ )
sin(/iaj)
1/2
C(5)
while if the orbit is unstable we have,
- 1/4
- 1/4=r,
1/2
C(6)
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The sign of the traces in the unstable case do not change the amplitude since the absolute 
value is taken. Note that the rQ1/4 dependence of the semiclassical amplitudes cancels with 
the rc'1/4 prefactor. The final angle is a function of n, but for type-1 orbits this 
dependence trivial since |6f| = |0;| for all n.
For the parallel orbit, we only need the absolute value of the Jacobian ratio and not 
the square root. The prefactor is r„'1/2 and we still have the necessary cancellation. The 
result for the parallel orbit is then,
- m A n  -\n•o ^0 ro
C(7)
unstable> ~ ' o
sinh(p,)
sinh(/iPj)
sin(a1)
s in ^ a^
A fp  stable
APPENDIX D. PITCHFORKS AND PERIOD-DOUBLINGS
The bifurcations that produce the balloon and snake orbits can be classified as either 
pitchforks or period doublings. In either type of bifurcation an originally stable orbit goes 
unstable. In a pitchfork two new orbits of the same period are created while in a period- 
doubling a single orbit of twice the period is created.
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In the present case the seemingly important distinction between these two cases 
ceases to exist because of the symmetries, and because the experiments are sensitive to 
return times not periods.
In (p, z) coordinates with the restriction p > 0, the parallel orbit, the balloon, and the 
snake all have comparable periods and the period is the same as the closure time, Fig. 
Dla.
In (p, z) coordinates without the restriction p > 0, the parallel orbit and the snake 
have comparable periods, but the period of the balloon is twice as large (remember that 
an orbit which touchs the nucleus scatters back on itself), Fig. Dlb.
In regularized (u,v) coordinates, all the orbits have comparable periods which are 
twice their closure times. The periods are one cycle of the conventional Poincare map. 
The creation of both the balloon and the snake would be pitchfork bifurcations, Fig.Dlc.
However, in the Poincare half-map (defined by recording (pv,v) at every passage 
through u = 0 ), the period of the snake is two closure times while the period of the 
balloon is one (the balloon always returns with the same sign of pv, while the snake 
alternates pv, -pv, pv, -pv, ...). There is then a balloon with pv > 0, and a balloon with pv 
< 0 which are distinct on the half-map.
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Since we find the Poincare half-map to give the most useful description of the 
bifurcations, we classify the creation of the balloon as a pitchfork, but that of the snake 
as a period-doubling. Under this scheme, all balloon-like orbits in the main sequence are 
pitchforks, and all snake-like orbits are period-doublings.
E. TIME REVERSAL SYMMETRY AND THREE-BIFURCATIONS OF SNAKE-LIKE
ORBITS
The trace of the the Jacobian matrix for the snake-like orbits passes through -1 twice. 
Therefore these orbits have two bifurcations which are 3:1, yet we observe that these two 
bifurcations are quite different in character. The resolution to this puzzle is found in the 
time reversal symmetry of the system.
To understand it, we must distinguish between orbits in configuration space and orbits 
in phase space. In configuration space, if the Hamiltonian is purely quadratic in the 
momenta, an orbit and its time-reverse alway coincide. On the other hand, in phase-space 
the time-reverse of an orbit is in most cases a path which is completely distinct from the 
original orbit. Only if the orbit is self-retracing in configuration space does the time- 
reverse in phase-space lie upon the original orbit.
Suppose we are given a self-retracing orbit (a "snake"), and suppose that at some
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point that orbit has a bifurcation. The newly created orbit might or might not be self­
retracing. If it is not self-retracing, then the time-reversal symmetry insists that there 
must be another orbit, distinct in phase-space, which is the time-reverse of that new orbit. 
Therefore the bifurcation is forced to create not one new orbit but two. In this way, the 
bifurcation is non-generic.
We find that some of the bifurcations of the snake orbits have their structures 
modified as a result of this symmetry.
How does this behavior manifest itself in the three-bifurcations of the S, orbit?
The higher energy 3:1 bifurcation at e = -0.25056 is a generic three-bifurcation. It 
turns out that the new orbits bifurcating from S, at this energy are self retracing and 
therefore automatically satisfy the time reversal symmetry. This symmetry gives "nothing 
new", and the bifurcation has the same pretty structure as the 3-bifurcation of the balloon. 
( A saddle-node bifurcation creates the new period-3 orbit, which then collides with the 
central orbit and passes through it, see Fig. 3.41)
In contrast, the lower energy 3:1 bifurcation at e = -0.2642 is non-generic and 
something different does happen there. The new orbit bifurcating from S! is not self­
retracing, so the symmetry requires the creation of another closed orbit from The 
symmetry forces the creation of two interleaved three-island chains. The surface of
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section looks like a six-island chain surrounding Sj.
Let us look at this another way, examining the winding rates on the Poincare half­
map and the full map. ( The winding rate on the half map is physically relevant because 
the orbits close at half the period. The bifurcation behavior however is determined by the 
trace at the period.)
On the half map the trace of S, starts at -2 and increases, passing through -1, 0, 1, 
and 2 almost linearly. If Tr1/2 = -1 then a 1/2 = ±Jt/3, but the trace evaluated at a period, 
Trt, also equals -1, and therefore = ±2n/3. The points on the half map and the points 
on the full map both rotate by n/3 on each iteration but in the opposite directions. The 
result is shown in Fig.El as the set of open circles surrounding S,. We have three fixed 
points in both the upper and the lower (pv , v) plane forming triangles with the same 
orientation. The operation of time reversal is equivalent to reflection on the surface of 
section through the pv = 0 axis. If we do this, a new orbit is seen which forms triangles 
in both the upper and lower (pv, v) plane with the opposite orientation from those of the 
first orbit.
When Tr1/2 = 1, then a m =±jt/6, but now the trace evaluated at the period Trj = -1 
and a! = ±Jt/3. The points on the half map rotate by jt/6 for each iteration, while those 
of the full map rotate jt/3 for each iteration, and both rotate in the same direction this
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time. The result is shown in Fig. E2, where we have three fixed points on both the upper 
and lower (pv , v) plane, but now the reflection through the pv = 0 axis simply maps the 
upper triangle of points into the lower triangle. No new closed orbits are needed to 
satisfy the constraint of time-reversal symmetry.
We may re-emphasize that since the "additional" orbit that arises in the non-generic 
bifurcation is the time-reverse of its partner, the two coincide in configuration space. 
Nevertheless, they are distinct in phase-space, and this produces the unusual structure of 
the bifurcation.
APPENDIX F. CLOSURE TIMES AND PERIODS
If we work in semiparabolic coordinates, it is apparent that every trajectory that closes 
at the nucleus has (period) = 2x(closure time). However, if we look only at the period 
of orbits on the Poincare map, the period of an orbit on the map may be equal to a 
closure time (the balloon orbit is an example of this), or equal to the period of the 
trajectory (the snake is an example of this). That is, a map period equals either the period 
of a trajectory or it equals a half period of a trajectory.
If the map period of an orbit is odd then the period of the trajectory equals twice the 
map period of the orbit. If the map period of an orbit is even then the period of the
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trajectory equals the map period of the orbit.
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We now look at the bifurcations of orbits on the Poincare map. If we have an orbit 
on the map which is periodic (on the map) on the k’th iteration of the map, then we have 
a m’th order bifurcation if the new orbit has a map period of mk. If the map period mk 
is odd, then the period of the new trajectory is 2mk. If the map period mk is even then 
the period of the new trajectory is mk. To express this in terms of the closure times, if 
mk is odd, then the new orbit closes on n = mk and if mk is even, then the new orbit 
closes on n = mk/2.
There are four possible combinations of m and k: even-even, even-odd, odd-even, 
and odd-odd. Let us look at these cases.
Now the product mk can only be odd if both m and k are odd. Therefore if mk and 
m are odd, k is odd. The period of the trajectory is 2x(map period) and the closure time 
of the original trajectory is 1/2 x(period of trajectory) = a map period = k. This implies 
that the closure time of the new orbit = mk = m x(closure time of the parent orbit) if m 
and k are both odd.
Now the product mk is even if either m is even and k is odd, or m is odd and k is 
even. If m is even and k is odd, then the closure time of the new orbit = mk/2, the 
closure time of the old orbit = k, and therefore, the new closure time = m/2 x(old closure
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time). If m is odd and k is even, the closure time of new orbit = mk/2, the period of 
trajectory = k and closure time = k/2, therefore, the new closure time = m x(old closure 
time).
If both m and k are even, then the old closure time = k/2, the new closure time = 
mk/2, therefore, the new closure time = m x(old closure time).
This data is summarized in table 7.
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Table 7
m\k even odd
even m (6:1 bifurcation of snake) m/2 (6:1 bifurcation of 
balloon)
even m (3:1 bifurcation of snake) m (3:1 bifurcation of 
balloon)
An m’th order bifurcation produces new orbits whose closure time may be m times 
the closure time of the parent orbit, or m/2 times the closure time of the parent orbit. If 
the parent orbit is map-periodic on the k’th iterate of the map, then the closure time is 
related to m and k as given in the table. These results hold for the perpendicular orbit 
if we rotate coordinates and momenta such that the perpendicular orbit is at the origin of 
the new surface of section and the map-period is that for the newly defined map.
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FIGURE CAPTIONS
Fig. 3.1) Experimental |Fourier transformsp (recurrence strengths) at each scaled-energy 
are drawn in a single graph. The nearly vertical lines indicate the scaled-action as a 
function of energy of the orbit perpendicular to the direction of the applied magnetic field 
and its first, second and third repetition (n=l,2,3,4). The strongly curved line delimiting 
the right-hand side of the three "mountain ranges" of peaks indicates the scaled-action as 
a function of energy for the orbit parallel to the magnetic field, and its repetitions 
(n=l,2,3). Each transform was arbitrarily scaled such that the magnitude of the largest 
peaks at each individual scaled-energy were comparable.
Fig. 3.2) Theoretical recurrence-strengths for each scaled-energy as a three-dimensional 
needle graph. For each scaled-energy, e, a needle is placed at the scaled-action of a 
particular orbit of the electron. The height of each needle is the recurrence-strength 
|Dk"(s)|2. The connection between these classical orbits and the peaks measured and 
shown in figure 3.1 is clearly visible.
Fig. 3.3) The clearest example of an "exotic" orbit is the pair of orbits designated as X t. 
The heavier line highlights the unstable member of the pair, which lies slightly closer to 
the z-axis than the originally stable member, which is shown in a finer line. Both orbits 
have nearly the same action and both contribute to the peak seen in the measurements at
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scaled-energy e =  -0.11. The nucleus is located at the origin and the units of the axes are 
atomic units.
Fig. 3.4) The Poincare surface of section in semi-parabolic coordinates is shown at the 
scaled-energy e= -0.11543 just after the critical energy for the creation of the Xt pair of 
orbits. The unstable orbit is at the x-point just below the stable island. The stable and 
unstable manifolds are also seen leading off into phase space. The size of a box with 
area h is about 0.03 on each side in these units.
Fig. 3.5) The amplitude on first closure for both the originally stable and unstable X, 
orbits are shown together as a function of the scaled-energy. As before the thick line is 
the originally unstable orbit while the thin line is the originally stable orbit.
Fig. 3.6) A saddle-node bifurcation produces a new recurrence. At e= -0.14 there
A
happens to be a large empty region from 2.3 s  S s  3.0 . At e= -0.11, a saddle-node 
bifurcation has created the stable and unstable pair Xls and a new peak appears in the 
experiment.
Fig. 3.7) The saddle-node bifurcation in more detail. The four pictures on the right 
compare the experimental recurrence-strengths | R(S;e)|2 with theoretical needle graphs, 
while those on the left compare the experiment (heavy) with smoothed theoretical curves 
(light). In the theory the two newly created exotic orbits Xj produce a new pair of 
needles or a new peak at e =  -0.11. In the experiment at the lowest energy e =  -0.13, there
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is a small bump, but this is comparable to the "background" hills that appear in all of the 
measured Fourier transforms. At the higher energies, e= -0.10 and e= -0.11, the new 
large peak is visible. At e= -0.12, the new peak is present in the experiment before it 
appears in the theory (see discussion in text).
Fig. 3.8) Another pair of exotic orbits which have a clear signature in the experimental 
spectrum have been denoted Xs. These orbits are also bom by saddle-node bifurcation 
as proven by an examination of the Poincare surface of section (not shown). They are 
symmetric with respect to the z=0 plane unlike the exotics X,. As before the originally 
unstable orbit is the heavy line, the originally stable orbit is the lighter line.
Fig. 3.9) The saddle-node bifurcation for Xs in more detail. The four pictures on the
A
right compare the experimental recurrence-strengths | R(S;e)|2 with theoretical needle 
graphs, while those on the left compare the experiment (heavy) with smoothed theoretical 
curves (light). In the theory the two newly created exotic orbits Xs produce a new pair 
of needles or a new peak at e= -0.18. Unlike the X, orbit, we do not see an obvious peak 
below the bifurcation enerrgy in the experiment. The Xs orbit bifurcates, creating new 
closed orbits, on its first return near e = -0.1642. The decrease then increase in 
recurrence strength due to the new orbits is clearly seen in both the experiment and the 
theory (see discussion in text).
Fig. 3.10) (a) The theoretical amplitudes on first and second closure for the originally 
stable Xs orbit are shown together as a function of the scaled-energy. The solid line is
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the first closure of the orbit while the dashed line is the second closure of the orbit. Both 
amplitudes are singular at the scaled-energy where the orbit returns to stability, near e= - 
0.164, and the second closure is singular near e= -0.163. (b) The trace diagram for the 
stable and the unstable branch of Xs are shown as a function of scaled-energy. We can 
see that the first singularity is connected with an anti-pitchfork bifurcation where an 
unstable orbit becomes stable and two unstable orbits are created, Tr= 2 . The second 
return undergoes a symmetric period-doubling bifurcation when the trace touches -2. The 
unstable branch does not return to stability.
Fig. 3.11) (a) This sequence of orbits is born by successive saddle-node bifurcations 
between e = -0.11543 and e = +0.01. Each orbit has an unstable partner which is not 
shown. The first orbit in the sequence is the X, exotic and the new orbits are clearly 
related to Xt by the addition of another cyclotron oscillation, (b) A similar sequence of 
orbits is created between e = -0.09 and s = -0.01. Both of these sequences are prominent 
in Fig. 3.2
Fig. 3.15) (a) The amplitude behavior versus n at fixed scaled-energy, e= 0.0, for the 
perpendicular orbit when it is unstable, (b) The amplitude behavior versus n at fixed 
scaled-energy, e= -0.2455. for the perpendicular orbit when it is stable and near a 5:2 
resonance. The exact energy for the resonance is 8^,= -0.246206.
Fig. 3.13) Upper part: heavy line is the experimental recurrence-strength | R(S; e)|2 for
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8= -0.30; fine line is the smoothed theoretical result. Lower part: Contribution of the 
perpendicular orbit and its repetitions. Note the alternation of small and large amplitudes 
that is also visible in the measurements.
Fig. 3.14) (a) The outgoing pencil of rays ( family of neighbors) of the perpendicular 
orbit at e= -0.30. The orbits turn around and carry wavefronts back to the nucleus. The 
rays are spread over a broad front, and the amplitude of the returning wave is relatively 
small. The size of the large figure is -2000 a0> and the expanded inset (b) is ~20 a„. (c) 
The orbits are turned around by the Coulomb field, (d) On their next return they are 
well-focused at the nucleus. Waves return on a narrow front with a large amplitude. At 
this energy even-numbered returns have a much larger effect than odd-numbered returns.
Fig. 3.15) The winding rate, a^e), for the perpendicular orbit as a function of scaled- 
energy is shown. After the orbit becomes unstable, the stability exponent, pt(e), is non­
zero and grows monotonically.
A
Fig. 3.16) We show |R(S;e)|2 as a function of s for each return of the perpendicular orbit. 
The heavy line, (1), is the amplitude associated with the first return, which shows a slow 
monotonic decrease in amplitude with increasing scaled-energy. The light solid line, (2), 
is the classical amplitude for the second return. It diverges at e= -0.31619, at the 4:1 
resonance discussed in the text. At this point the amplitudes on the first and third returns 
are equal (to understand why, study figure 3.14). The dashed line shows the amplitude 
on the third return; it has two resonances, a 6:1 and a 3:1. The 6:1 resonance occurs
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within the experimental range and causes a failure of the semiclassical approximation at 
e= -0.21 (Fig. 3.17).
Fig. 3.17) The effect of a resonance on the agreement between theory and experiment. 
Figure 22 shows a range of scaled-energy bracketting the 6:1 resonance at s= -0.2092. 
The scaled-energy measurements were taken in steps of 0.01 in e in this energy range. 
At all energies and actions we have good to excellent agreement with the experimental 
measurements except at e= -0.22 and e= -0.21 at the scaled-action corresponding to the 
third return of the perpendicular orbit. The semiclassical amplitude approximation fails 
here because of the proximity to the resonance. It is clear from the experiment that the 
true recurrence-strengths remain bounded and finite.
Fig. 3.18) The stable-unstable pair of closed orbits, "Pacmen", associated with the 4:1 
resonance of the perpendicular orbit. The heavy line is the unstable orbit, while the thin 
line is the stable orbit. The stable orbit is annihilated at the 4:1 resonance.
Fig. 3.19) The combination of the node in the outgoing d-wave and the large resonance 
peaks of the perpendicular orbit mask the appearence of the orbits born from the 4:1 and 
6:1 resonances of R„. In (a) and (b) we show the recurrence spectra calculated by 
changing the initial state to 3s for s = -0.22 and for e  = -0.30 respectively. The solid line 
is calculated from the 2p initial state, while the dotted line is calculated from the 3s initial 
state. Note the complete absence of the peak from the first closure of the perpendicular
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orbit, S =1, in each graph. The new large peak near S=3.45 for e = -0.22 is an exotic 
orbit which was previously suppressed by the d-wave node.
Fig. 3.20) The stable-unstable pair of closed orbits associated with the 6:1 resonance of 
the perpendicular orbit The heavy line is the unstable orbit while the thin line is the 
stable orbit. The unstable orbit is annihilated at the 6:1 resonance.
Fig. 3.21) The 8:1 resonance of the perpendicular orbit is visible in the experiment. At 
e =  -0.19 and e = -0.18, we see the recurrence strength increse below the critical scaled- 
energy for the resonance, s = -0.173. The recurrence strength drops rapidly and by s = - 
0.16 the peak is lost in the "noise" again. The agreement between the measurement and 
the theory is fairly good.
Fig. 3.22) The trace diagram shows the sequence of events. Near e = -0.188 a saddle- 
node bifurcation creates two new orbits (see Fig. 3.23). The unstable orbit moves away 
from the perpendicular orbit, while the stable orbit moves toward the perpendicular orbit 
and merges with it at the 8:1 resonance energy near e = -0.173. Analogous diagrams 
could be constructed for the 4:1 and 6:1 bifurcations discussed earlier.
Fig. 3.23) The stable and unstable orbits created by the 8:1 bifurcation are shown. The 
heavy line is the unstable orbit, while the light line is the stable orbit
Fig. 3.24) The theoretical recurrence strengths and measured recurrence strengths are
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compared for e = -0.70. This recent measurement from Vrije Universtiet Amsterdam is 
substantially more accurate then the Bielefeld measurements allowing a much larger 
scaled-action range to be compared (S,,^ = 35). The parallel orbit is visible at S = 4.23 
on its fifth return. The large peak at S = 4.73 is from the orbit created at the 10:1 
resonance of the perpendicular orbit. The overall agreement is very good.
Fig. 3.25) (a) The trace of the Jacobian matrix becomes increasingly oscillatory as the 
scaled-energy approaches zero. As discussed in the text, the bifurcation behavior depends 
on the value of this trace. The locations of some of the bifurcations are marked. The 
period-doubling, 3:1, 4:1, and 6:1 bifurcations are marked with squares, triangles, 
diamonds, and stars respectively. The pitchfork bifurcations creating the balloon-like 
orbits in the main sequence are marked by circles, (b) The winding rate a ,’ and the 
stability exponent p, for the parallel orbit as a function of scaled-energy are also shown.
Fig. 3.26) The smoothed theoretical power spectrum and experimental power spectrum 
at e = -0.45 are shown (light line and heavy line respectively). The parallel orbit is seen
A  A
in isolation as the peak at S = 1.05. It also contributes coherently to the peaks at S = 2.1, 
3.15, and 4.2. If its Maslov index is not incorporated correctly, then serious discrepancy 
between theory and experiment arises (dashed line).
Fig. 3.27) The parallel orbit usually has small amplitude compared to the orbits which 
bifurcate from it. We show the unsmoothed theoretical recurrence-strength at three
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different scaled-energies. The parallel orbit and its repetitions are indicated by the heavy 
needles. At e = -0.45 the first return is isolated and the subsequent returns are relatively 
large, combining with only a few other orbits. At the higher energies the parallel orbit 
becomes more and more masked by new orbits. At e = -0.20 only the first return has 
appreciable amplitude.
Fig. 3.28) The semiclassical recurrence amplitude for the parallel orbit as a function of 
scaled-energy for n s  3 is shown. This behavior should be compared to that of the 
perpendicular orbit shown in Fig. 3.16. Each singularity occurs at a resonance where a 
closed orbit is produced.
Fig. 3.29) The trajectory field of the neighbors of the parallel orbit is shown. Each 
encounter with a caustic increases the Maslov index by one. The outermost neighboring 
trajectory is traveling up on the right; it encounters a caustic (+1), then crosses the z axis 
towards the left (+1), encounters the caustic associated with the endpoint of the parallel 
orbit (+1), then crosses the z axia again (+1), and then another caustic on the way down 
(+1). For the innermost neighbor, each z-axis crossing coincides with a caustic, and 
therefore counts +2. The endpoint is still +1.
Fig. 3.30) (a) The first five members of the main sequence are shown in (rho, z) 
coordinates, (b) In the second mountain range of peaks, the 4:1 bifurcations of V2 create 
a series of balloon-like orbits symmetric with respect to the z-axis. (c) The second 
repetition of the main sequence orbits also bifurcate to create new orbits in the second
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mountain range of peaks. These are 4:1 bifurcations of the balloon orbits and period- 
doublings of the snake orbits, (d) The parallel orbit undergoes 6:1 bifurcations which are 
visible on the third return of that orbit for each scaled-energy range for which that orbit 
is stable. These bifurcations create snake-like orbits, which are self retracing, (e) The 
parallel orbit also undergoes 3:1 bifurcations which are visible on the third return and 
these bifurcations create balloon-like orbits. The 6:1 and 3:1 bifurcations occur in 
alternating order as the trace alternately increases then decreases in the stability regions. 
The orbits created in the first four stability regions are shown in (d) and (e).
Fig. 3.31) The coherent sum of the oscillations due to the main sequence orbits combine 
to form the peaks seen in the experimental power spectrum as the first mountain range 
in Fig. 3.1. The smoothed theoretical spectrum and measured power spectrum are shown 
as light and heavy lines respectively. The needles show the contributions of the 
individual orbits. At the lowest energy, s = -0.30, only the first balloon exists, at e = - 
0.25 the first snake is also present, at s = -0.19 the second balloon, and finally at s = - 
0.10 ten members of the main sequence exist. The agreement is quite good at each of 
these energies.
Fig. 3.32) The trace of the B, orbit. The Bj orbit is the first balloon-like orbit in the 
main sequence to be created. The trace on the first closure is also the trace on a period. 
It is an almost linear function of scaled-energy. The Bt orbit undergoes 6:1, 4:1, and 3:1 
bifurcations sequentially at the points indicated. This trace behavior is typical of all 
balloon-like orbits in the main sequence.
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Fig. 3.33) The trace of the S, orbit. The S, orbit is the first of the snake-like orbits in 
the main sequence to be created. The trace on the second closure is the trace at a period. 
This trace as a function of scaled-energy is almost parabolic. The locations of the 6:1, 
4:1, 3:1, and period-doubling bifurcation points are indicated by the stars, diamonds, 
triangles, and square respectively. This trace behavior is typical for all snake-like orbits 
in the main sequence.
Fig. 3.34) The 4:1 bifurcation from the balloon (orbit (cl) in Fig. 3.30) produces the 
largest needle. It is visible in the following sense: removal of the new orbit from the 
closed-orbit sum ruins the agreement with the experimental measurements. The thin line 
and the heavy line show the theoretical and experimental recurrence spectrum respectively 
at c = -0.30. The agreement is quite good. The result calculated if we remove the new 
orbit from the sum is shown by the dotted line. The other two needles are the B, orbit 
and the second return of the parallel orbit, respectively left and right of the large needle.
Fig. 3.35) The 4:1 bifurcation from the snake orbit (orbit (c2) in Fig. 3.30) produces the 
largest needle. Again it is visible in the following sense: removal of the new orbit from 
the closed-orbit sum ruins the agreement with the experimental measurements. The thin 
line and the heavy line show the theoretical and experimental recurrence spectrum 
respectively. The agreement is good. The result calculated if we remove the new orbit 
from the sum is shown by the dotted line.
Fig. 3.36) Also contributing to the second mountain range, we find sequences of exotic
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orbits which are created in an orderly fashion. Two such sequences are shown. The first 
of these begins with the orbit denoted X2 and continues with new orbits created by 
tangent bifurcation which are simply related to X2. The second of these begins with an 
unnamed exotic and follows the same pattern. Further sets of these exotic sequences are 
also seen in the calculations as the energy is increased and they appear in a predictable 
way.
Fig. 3.37) The (S ,e) plane for the second mountain range. The contributions from the 
second returns of the main sequence orbits and their bifurcations have been removed from 
this plot. The X2 orbit and its sequence of orbits are marked by a circle. The other 
sequences are marked by squares, triangles, and diamonds respectively. The almost linear 
tracks are the orbits created from the 4:1 bifurcations of the parallel orbit.
Fig. 3.38) The X 2 orbit is visible in the experimental measurements at s = -0.20.
Fig. 3.39) As an example of the bifurcations of V3 visible in the experiment, we show 
the the theoretical and measured recurrence spectrum for e = -0.28 as light and heavy 
lines respectively. The largest needle in this figure comes from the orbit (e2) in Fig. 3.30 
which arises from a 3:1 bifurcation of the parallel orbit. Removal of this orbit gives the 
theoretical result shown by the dotted line.
Fig. 3.40) The unstable orbit from the 3:1 bifurcation of the balloon oscillates about the
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original balloon orbit. It becomes stable near e = -0.26 and it is the dominant contributor 
to the peak near S = 3.98 (see Fig. 3.42).
Fig. 3.41) The generic three-bifurcation of S, has the touch-and-go structure where a 
tangent bifurcation creates three pairs of stable-unstable trajectories. Only those along 
the v=0 axis close at the nucleus. The unstable trajectories touch and pass through the 
central trajectory as we increase the scaled energy through the resonance. The stable 
trajectories move away from the central trajectory and also bifurcate into new orbits.
Fig. 3.42) The third mountain range is shown at three scaled-energies. (a) In the upper 
figure the main peak near S = 4.38 is comprised of the St orbit and the coherent sum of
y\
the orbits created in its generic three-bifurcation of Sj. The subsidiary peak near S = 4.2 
is at the location of an exotic orbit born in the third sequence, (b) This orbit is even more 
clearly visible at e = -0.24. (c) In the lower figure, both the third return of Bj and St are
/ \  A
seen at S = 3.98 and S = 4.16 respectively. At S = 3.98 the largest needle is the 
recurrence strength due to the unstable closed orbit, shown in Fig. 3.40, which was 
created at the generic three-bifurcation of the balloon at s = -0.3161. The smaller needles 
are the Bj orbit and other of orbits bom in the 3:1 and 6:1 bifurcations. The peak at S 
= 4.16 is due to the S! orbit and the orbits from its non-generic three-bifurcation.
Fig. 3.43) The (S,e) plane for the third mountain range. The contributions from the main 
sequence orbits and their repetitions have been removed for clarity. The 3/2 and the 4/2 
exotic orbits are marked by circles. The 6/2 and 7/2 orbits, and the 9/2 and 11/2 orbits
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are marked with squares and triangles respectively. The almost linear tracks are from the 
6:1 and 3:1 bifurcations of the parallel orbit.
Fig. B l) The effect of the cutoff is shown on the unsmoothed spectra in parts (a) and (b). 
The effect after smoothing is shown in part (c). The thin line is the theoretical recurrence 
spectrum without any cutoff incorporated, the thick line show the resulting spectrum after 
the cutoff from the experimental uncertainties is included (compare these with Fig. B2).
Fig. B2) The experimental measurement at e = 0.0 and the theoretical recurrence strength 
are compared: heavy line is the experiment and the light line is theory incorporating the 
cutoff.
Fig. D l) In part (a), (p,z) coordinates with the restriction p > 0, the period is the same 
as the closure time for the parallel orbit, the balloon, and the snake. In part (b), if we 
drop the restriction that p> 0, the period of the balloon is twice as large while the period 
for the parallel orbit and the snake are not changed. In part (c), in (u,v) coordinates, all 
orbits have a period which is twice the closure time. On the Poincare half map, record 
pv of either sign, the balloon is periodic on the first closure while the snake is periodic 
only on the second closure.
Fig. E l) The symmetry modified three-bifurcation of the snake has two interleaved sets 
of fixed points on the Poincare half map. If we start on the fixed point with pv positive 
and greater than pv of the snake, circular symbol, we get the upright triangles in both the
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upper and lower half-plane. If we start on the fixed point with pv positive and less than 
that of the snake, square symbol, we get the inverted triangles in the upper and lower 
half-plane. The numbers 0-5 show the order in which the trajectory winds about S, with 
6 bringing it back to the original point, 0.
Fig. E2) The generic three-bifurcation (we only show the unstable member, see Fig. 3.41 
for the complete picture) gives one set of triangles on the Poincare half map. If we start 
on the fixed point with positive pv, we reach all other fixed points as we follow the 
trajectory. The number 0-5 show the order in which the trajectory winds about Si with 
6 bringing it back to the original point, 0. The trajectory is its own time-reversal.
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